
A FastFourierTransformCompiler

MatteoFrigo
�

MIT Laboratoryfor ComputerScience
545TechnologySquareNE43-203

Cambridge,MA 02139������������	
�����
����������������������� �
!�"
February16,1999

Abstract

TheFFTW library for computingthediscreteFouriertrans-
form (DFT) hasgaineda wide acceptancein bothacademia
andindustry, becauseit providesexcellentperformanceon
a varietyof machines(evencompetitive with or fasterthan
equivalentlibrariessuppliedby vendors).In FFTW, mostof
the performance-criticalcodewas generatedautomatically
by a special-purposecompiler, called #%$'&%()(+* , that outputs
C code. Written in Objective Caml, #�$'&%()(,* can produce
DFT programsfor any input length, and it can specialize
theDFT programfor thecommoncasewheretheinput data
arerealinsteadof complex. Unexpectedly, #%$-&%()(,* “discov-
ered”algorithmsthat werepreviously unknown, andit was
ableto reducethe arithmeticcomplexity of someotherex-
isting algorithms.This paperdescribesthe internalsof this
special-purposecompilerin somedetail,andit arguesthata
specializedcompileris avaluabletool.

1 Intr oduction

Recently, Steven G. JohnsonandI releasedVersion2.0 of
theFFTW library [FJ98, FJ], a comprehensivecollectionof
fastC routinesfor computingthediscreteFouriertransform
(DFT) in oneor moredimensions,of bothrealandcomplex
data,andof arbitrary input size. The DFT [DV90] is one
of the most importantcomputationalproblems,and many
real-world applicationsrequirethat the transformbe com-
putedas quickly as possible. FFTW is one of the fastest
DFTprogramsavailable(seeFigures1 and2)becauseof two
uniquefeatures.First,FFTW automaticallyadaptsthecom-
putationto the hardware. Second,the inner loop of FFTW.

Theauthorwassupportedin part by the DefenseAdvancedResearch
ProjectsAgency (DARPA) underGrantF30602-97-1-0270,andby aDigital
EquipmentCorporationfellowship.
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Figure 1: Graphof the performanceof FFTW versusSun’s Per-
formanceLibrary on a 167 MHz UltraSPARC processorin single
precision.Thegraphplots thespeedin “mflops” (higheris better)
versusthe sizeof the transform. This figure shows sizesthat are
powersof two, while Figure2 shows othersizesthat canbe fac-
toredinto powersof 2, 3, 5, and7. This distinction is important
becausetheDFT algorithmdependsonthefactorizationof thesize,
andmost implementationsof the DFT areoptimizedfor the case
of powersof two. See[FJ97] for additionalexperimentalresults.
FFTWwascompiledwith Sun’sC compiler(WorkShopCompilers
4.230Oct1996C 4.2).

(whichamountsto 95%of thetotal code)wasgeneratedau-
tomaticallyby a special-purposecompilerwritten in Objec-
tive Caml [Ler98]. This paperexplainshow this compiler
works.

FFTW doesnot implementa singleDFT algorithm,but it
is structuredasa library of codelets—sequencesof C code
that can be composedin many ways. In FFTW’s lingo, a
compositionof codeletsis calleda plan. You can imagine
the plan as a sort of bytecodethat dictateswhich codelets
shouldbe executedin what order. (In the currentFFTW
implementation,however, a plan hasa treestructure.)The
preciseplan usedby FFTW dependson the sizeof the in-
put (where“the input” is an arrayof 1 complex numbers),
and on which codeletshappento run fast on the underly-
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Figure 2: Seecaptionof Figure1.

ing hardware. The userneednot choosea plan by hand,
however, becauseFFTW choosesthe fastestplan automat-
ically. The machineryrequiredfor this choiceis described
elsewhere[FJ97, FJ98].

Codeletsform the computationalkernelof FFTW. You
canimagineacodeletasafragmentof C codethatcomputes
aFouriertransformof afixedsize(say, 16,or 19).1 FFTW’s
codeletsareproducedautomaticallyby the FFTW codelet
generator, unimaginatively called #%$'&%()(+* . #�$'&%()(,* is an
unusualspecial-purposecompiler. While a normalcompiler
acceptsC code(say)andoutputsnumbers,#%$'&%(,(,* inputs
the singleinteger 1 (the sizeof the transform)andoutputs
C code. The codeletgeneratorcontainsoptimizationsthat
areadvantageousfor DFT programsbut not appropriatefor
a generalcompiler, andconversely, it doesnot containopti-
mizationsthatarenot requiredfor theDFT programsit gen-
erates(for exampleloopunrolling).#�$'&%()(,* operatesin four phases.

1. In the creation phase, #%$'&%(,(,* producesa directed
acyclic graph(dag)of the codelet,accordingto some
well-known algorithmfor the DFT [DV90]. The gen-
eratorcontainsmany suchalgorithmsandit appliesthe
mostappropriate.

2. In the simplifier, #%$'&%()(+* applieslocal rewriting rules
to eachnodeof thedag,in orderto simplify it. In tradi-
tional compilerterminology, this phaseperformsalge-
braictransformationsandcommon-subexpressionelim-
ination,but it alsoperformsothertransformationsthat
arespecificto theDFT. For example,it turnsout thatif
all floatingpointconstantsaremadepositive,thegener-
atedcoderunsfaster. (SeeSection5.) Anotherimpor-
tanttransformationis dagtransposition, which derives
from thetheoryof linearnetworks [CO75]. Moreover,

1In the actualFFTW system,somecodeletsperformmoretasks,how-
ever. For the purposesof this paper, we consideronly the generationof
transformsof afixedsize.

besidesnoticingcommonsubexpressions,thesimplifier
alsoattemptsto createthem.Thesimplifieris writtenin
monadicstyle[Wad97], whichallowedmeto dealwith
thedagasif it werea tree,makingtheimplementation
mucheasier.

3. In thescheduler, #�$'&%()(,* producesatopologicalsortof
the dag(a “schedule”)that, for transformsof size 4+5 ,
provably minimizesthe asymptoticnumberof register
spills,nomatterhowmanyregisters thetargetmachine
has. This truly remarkablefact can be derived from
theanalysisof thered-bluepebblinggameof Hongand
Kung[HK81], aswe shall seein Section6. For trans-
formsof othersizestheschedulingstrategy is nolonger
provablygood,but it still workswell in practice.Again,
theschedulerdependsheavily on thetopologicalstruc-
tureof DFT dags,andit would not beappropriatein a
general-purposecompiler.

4. Finally, thescheduleis unparsedto C. (It wouldbeeasy
to produceFORTRAN or otherlanguagesby changing
theunparser.) Theunparseris ratherobviousandunin-
teresting,exceptfor onesubtletydiscussedin Section7.

Although the creationphaseusesalgorithmsthat have
beenknown for several years,the output of #%$'&%()(+* is at
timescompletelyunexpected.For example,for a complex
transformof size 17698�: , the generatoremploys an algo-
rithm dueto Rader, in the form presentedby Tolimieri and
others[TAL97]. In its most sophisticatedvariant, this al-
gorithmperforms214real (floating-point)additionsand76
real multiplications. (See[TAL97, Page161].) The gener-
atedcodein FFTW for the samealgorithm,however, con-
tainsonly 176realadditionsand68 realmultiplications,be-
cause#%$-&%()(,* foundcertainsimplificationsthat theauthors
of [TAL97] did notnotice.2

The generatorspecializesthe dag automaticallyfor the
casewherethe input dataarereal,which occursfrequently
in applications.This specializationis nontrivial, andin the
pastthe designof an efficient real DFT algorithmrequired
a seriouseffort thatwaswell wortha publication[SJHB87].#%$-&%()(,* , however, automaticallyderivesrealDFT programs
from the complex algorithms,and the resultingprograms
have the samearithmeticcomplexity asthosediscussedby
[SJHB87, TableII]. 3 Thegeneratoralsoproducesrealvari-
antsof theRader’salgorithmmentionedabove,whichto my
knowledgedonotappearanywherein theliterature.

2Buriedsomewherein thecomputationdaggeneratedby thealgorithm
are statementsof the form ;=<?>�@BA , C�<?>EDFA , GH<?;I@JC . The
generatorsimplifiesthesestatementsto GK<ML � > , provided ; and C are
not neededelsewhere. Incidentally, [SB96] reportsan algorithmwith 188
additionsand40multiplications,usingamoreinvolvedDFT algorithmthat
I have not implementedyet. To my knowledge,the programgeneratedbyN OQP RSRST performsthelowestknown numberof additionsfor thisproblem.

3In fact, N OQP RSRST savesafew operationsin certaincases,suchas UV<JW�X .
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I found a special-purposecompiler such as the FFTW
codeletgeneratorto bea valuabletool, for a varietyof rea-
sonsthatI now discussbriefly.Y Performancewasthe main goal of the FFTW project,

and it could not have beenachieved without #%$-&%()(,* .
For example,thecodeletthatperformsaDFT of size64
is usedroutinelyby FFTWontheAlphaprocessor. The
codeletis abouttwiceasfastasDigital’sDXML library
on the samemachine. The codeletconsistsof about
2400 lines of code, including 912 additionsand 248
multiplications.Writing suchaprogramby handwould
bea formidabletaskfor any programmer. At leastfor
theDFT problem,theselongsequencesof straight-line
codeseemto be necessaryin orderto take full advan-
tageof largeCPUregistersetsandtheschedulingcapa-
bilities of C compilers.Y Achieving correctnesshasbeensurprisinglyeasy. The
DFT algorithms in #%$'&%(,(,* are encodedstraightfor-
wardly using a high-level language. The simplifica-
tion phasetransformsthishigh-level algorithminto op-
timized codeby applying simple algebraicrules that
are easyto verify. In the rare casesduring develop-
ment when the generatorcontaineda bug, the output
wascompletelyincorrect,makingthebugmanifest.Y Rapidturnaroundwasessentialto achieve the perfor-
mancegoals. For example,the schedulerdescribedin
Section6 is the result of a trial-and-errorprocessin
searchof thebestresult,sincethescheduleof acodelet
interactswith C compilers(in particular, with register
allocators)in nonobviousways. I couldusuallyimple-
mentanew ideaandregeneratethewholesystemwithin
minutes,until I foundthesolutiondescribedin this pa-
per.Y Thegeneratoris effectivebecauseit canapplyproblem-
specificcodeimprovements.For example,the sched-
uler is effective only for DFT dags,andit would per-
form poorlyfor othercomputations.Moreover, thesim-
plifier performscertainimprovementsthat dependon
theDFT beinga lineartransformation.Y Finally, #%$'&%(,(,* derived somenew algorithms, as in
the example 1Z6[8\: discussedabove. While this pa-
perdoesnot focuson thesealgorithmsper se, they are
of independenttheoreticalandpracticalinterestin the
Digital SignalProcessingcommunity.

This paper, of necessity, brings togetherconceptsfrom
boththeProgrammingLanguagesandtheSignalProcessing
literatures.The paper, however, is biasedtowardsa reader
familiar with compilers[ASU86], programminglanguages,
andmonads[Wad97], while the requiredsignal-processing
knowledgeis keptto thebareminimum.(For example,I am

notdescribingsomeadvancednumber-theoreticalDFT algo-
rithms usedby the generator.) Readersunfamiliar with the
discreteFourier transform,however, areencouragedto read
thegoodtutorialby DuhamelandVetterli [DV90].

The restof the paperis organizedas follows. Section2
gives somebackgroundon the discreteFourier transform
andon algorithmsfor computingit. Section3 overviewsre-
latedwork on automaticgenerationof DFT programs.The
remainingsectionsfollow the evolution of a codeletwithin#%$-&%()(,* . Section4 describeswhatthecodeletdaglookslike
andhow it is constructed.Section5 presentsthedagsimpli-
fier. Section6 describestheschedulerandprovesthatit min-
imizesthe numberof transfersbetweenmemoryandregis-
ters.Section7 discussessomepragmaticaspectsof #�$'&%()(,* ,
suchasrunningtime andmemoryrequirements,andit dis-
cussestheinteractionof #%$'&�()(,* ’soutputwith C compilers.

2 Background

This sectiondefinesthe discreteFourier transform(DFT),
andmentionsthemostcommonalgorithmsto computeit.

Let ] beanarrayof 1 complex numbers.The(forward)
discreteFourier transform of ] is thearray ^ givenby

^`_ acb�6 d)e�fghji�k ]l_ m'bon e
p hd q (1)

wheren d 6Zrtsju,v e�fjwjd
is a primitive 1 -th root of unity, andx=y a�z{1 . In case] is a realvector, the transform̂ has

thehermitian symmetry^|_ 1F}Jacb
6M^�~'_ acb q
wherê ~ _ acb is thecomplex conjugateof ^ ~ _ a�b .

The backward DFT flips the sign at the exponentof n d ,
andit is definedin thefollowing equation.

^`_ acb�6 d�e�fghji�k ]�_ m'b�n p hd�� (2)

The backward transformis the “scaledinverse”of the for-
wardDFT, in thesensethatcomputingthebackwardtrans-
form of theforwardtransformyieldstheoriginal arraymul-
tiplied by 1 .

If 1 canbe factoredinto 1�6�1 f 1 s , Equation(1) canbe
rewrittenasfollows. Let m�6�m f 1 sE� m s , and a�6�a f � a s 1 f .
We thenhave,^`_ a f � a s 1 f b
6 (3)d-� e�fgh � i�k

����� d+��e�fgh � i�k ]l_ m f 1 sE� m s b�n e�p�� h �d+� �� n e
p�� h �d �� n e
po� h �d-� �
This formula yields the Cooley-Tukey fast Fourier trans-
form algorithm(FFT) [CT65]. Thealgorithmcomputes1 s
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transformsof size 1 f (theinnersum),it multipliestheresult
by the so-calledtwiddle factors n e
p�� h �d , andfinally it com-
putes1 f transformsof size 1 s (theoutersum).

If �+�\����1 f q 1 s�� 6�8 , the prime factor algorithm can be
applied,whichavoidsthemultiplicationsby thetwiddle fac-
tors at the expenseof a more involved computationof in-
dices. (See[OS89, page619].) If 1 is a multiple of � ,
the split-radix algorithm[DV90] cansave someoperations
with respectto Cooley-Tukey. If 1 is prime, #%$'&%()(+* uses
eitherEquation(1) directly, or Rader’s algorithm [Rad68],
which convertsthe transforminto a circular convolution of
size 1 }{8 . The circular convolution canbe computedre-
cursively using two Fourier transforms,or by meansof a
clevertechniquedueto Winograd[Win78] ( #%$'&%()(+* doesnot
employ this techniqueyet, however). Otheralgorithmsare
known for primesizes,andthis is still thesubjectof active
research.See[TAL97] for arecentcompendiumonthetopic.
Any algorithmfor theforwardDFT canbereadilyadaptedto
computethebackwardDFT, thedifferencebeingthatcertain
complex constantsbecomeconjugate.For the purposesof
thispaper, wedonotdistinguishbetweenforwardandback-
wardtransform,andwesimplyreferto bothasthe“complex
DFT”.

In the casewhen the input is purely real, the transform
canbecomputedwith roughlyhalf thenumberof operations
of thecomplex case,andthe hermitianoutputrequireshalf
the storageof a complex array of the samesize. In gen-
eral, keepingtrack of the hermitiansymmetrythroughout
the recursionis nontrivial, however. This bookkeepingis
relatively easyfor thesplit-radixalgorithm,andit becomes
particularlynastyfor the prime factorand the Raderalgo-
rithms. Thetopic is discussedin detail in [SJHB87]. In the
real transformcase,it becomesimportantto distinguishthe
forwardtransform,which takesa realinputandproducesan
hermitianoutput,from thebackwardtransform,whoseinput
is hermitianandwhoseoutput is real, requiringa different
algorithm. We refer to thesecasesasthe “real to complex”
and“complex to real” DFT, respectively.

In the DFT literature,unlike in most of ComputerSci-
ence,it is customaryto report the exact numberof arith-
metic operationsperformedby the variousalgorithms,in-
steadof their asymptoticcomplexity. Indeed,thetime com-
plexity of all DFT algorithmsof interestis ¡¢��1V£�¤'��1 � , and
a detailedcountof theexactnumberof operationis usually
doable(which by no meansimpliesthattheanalysisis easy
to carryout). It is no problemfor meto follow this conven-
tion in thispaper, since#�$'&%()(,* producesanexactarithmetic
countanyway.

In the literature, the term FFT (“f ast Fourier trans-
form”) refersto eithertheCooley-Tukey algorithmor to any¡¢��1V£�¤'�E1 � algorithmfor theDFT, dependingon theauthor.
In thispaper, FFTdenotesany ¡¢�¥1�£�¤'�¦1 � algorithm.

3 Related work

ResearchershavebeengeneratingFFTprogramsfor at least
twentyyears,possiblyto avoid thetediumof gettingall the
implementationdetailsright by hand.To my knowledge,the
first generatorof FFT programswasFOURGEN,writtenby
J.A. Maruhn[Mar76]. It waswrittenin PL/I andit generated
FORTRAN.4 FOURGENis limited to transformsof size 4+5 .

PerezandTakaoka[PT87] presenta generatorof Pascal
programsimplementinga primefactorFFT algorithm.This
programis limited to complex transformsof size 1 , where1 mustbe factorableinto mutually prime factorsin the set§ 4 q : q � q�¨�q�©�qjª«qj¬%q 8\­%® .

Johnson5 and Burrus [JB83] applieddynamicprogram-
ming to the automaticdesignof DFT modules. Selesnick
and Burrus [SB96] useda programto generateMATLAB
subroutinesfor DFTsof certainprimesizes.In many cases,
thesesubroutinesarethebestknown in termsof arithmetic
complexity.

TheEXTENT systemby Guptaandothers[GHSJ96] gen-
eratesFORTRAN codein responseto aninput expressedin
a tensor product language. Using the tensorproductab-
stractiononecanexpressconciselya variety of algorithms
that includesthe FFT andmatrix multiplication (including
Strassen’salgorithm).

Anotherprogramcalled #�$'&%()(,* generatingHaskell FFT
subroutinesis part of the &«¯,(�°\± benchmarkfor Haskell
[Par92]. Unlikemy program,this #%$'&�()(,* is limited to trans-
formsof size 4+5 . Theprogramin &«¯+(�°�± is not documented
atall, but apparentlyit canbetracedbackto [HV92].

Veldhuizen[Vel95] useda templatemetaprogramstech-
niqueto generate²)³)³ programs.Thetechniqueexploits the
templatefacility of ²)³,³ to forcethe ²)³)³ compilerto perform
computationsat compiletime.

All thesesystemsare restrictedto complex transforms,
and the FFT algorithm is known a priori . To my knowl-
edge,theFFTW generatoris theonly onethatproducesreal
algorithms,andin fact,which canderiverealalgorithmsby
specializinga complex algorithm.Also, my generatoris the
only onethataddressedtheproblemof schedulingthe pro-
gramefficiently.

4 Creation of the expression dag

Thissectiondescribesthecreationof anexpressiondag.We
first define the &«¯,´�$ data type, which encodesa directed
acyclic graph(dag) of a codelet. We then describea few

4Maruhn argues that PL/I is more suited than FORTRAN to this
program-generationtask,andhasthefollowing curiousremark.

Onepeculiardifficulty is that someFORTRAN systemspro-
ducean outputformat for floating-pointnumberswithout the
exponentdelimiter “E”, andthis makes themillegal in FOR-
TRAN statements.

5Unrelatedto StevenG. Johnson,theotherauthorof FFTW.
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*)µ,¶%$·&%¯,´�$�¸¹Hº,»-¼ ¯,( º,»'¼ ±«$+½¿¾À& »'¼ ±«$+½¹`Á ¯,Â,´M¯,(MÃ�Â+½
°-Â'±«Ä,$¦¾ÆÅ%Â'½
°-Â'±�Ä+$¹|Ç *�¯+½%$È¯,(ÈÃ%Â+½
°-Â-±�Ä,$¦¾ÆÅ�Â+½
°-Â'±«Ä+$�É�&%¯,´�$¹HÊ Ä »
Ë ¯,(È&%¯,´�$MÄ«° Ë *¹HÌ ° ¼ $ Ë ¯,(�&«¯,´�$ÍÉl&«¯,´�$¹¢Î+¼ °�& »
Ë ¯,(·&«¯,´)$
Figure 3: Objective Caml codethat definesthe Ï'Ð\ÑtÒ datatype,
whichencodesanexpressiondag.

ancillarydatastructuresandfunctionsthatprovidecomplex
arithmetic.Finally, thebulk of thesectiondescribesthefunc-
tion ()(,*,#%$'& , whichactuallyproducestheexpressiondag.

We startby definingthe &«¯,´�$ datatype, which encodes
an arithmeticexpressiondag. Eachnodeof the dag rep-
resentsan operator, and the node’s children representthe
operands.This is the samerepresentationas the onegen-
erally usedin compilers[ASU86, Section5.2]. A nodein
thedagcanhave morethanone“parent”, in which casethe
noderepresentsa commonsubexpression. The definition
of &«¯,´)$ is given in Figure3, and it is straightforward. A
nodeis eithera real number(encodedby the abstractdata
type

º,»'¼ ±«$'½¿¾À& »'¼ ±«$+½ ), a loadof aninputvariable,astoreof
an expressioninto an outputnode,the sumof the children
nodes,the productof two nodes,or the sign negationof a
node.For example,theexpressionÓ�}lÔ , where Ó and Ô are
input variables,is representedby

Ê Ä »
ËÖÕÆÁ ¯)Â,´�Ó�× Î+¼ °�& »
ËØQÁ ¯,Â,´MÔÚÙtÛ .
The structure

º,»-¼ ±«$+½ maintainsfloating-pointconstants
with arbitrarilyhighprecision(currently, 50decimaldigits),
in casetheuserwantsto usethequadrupleprecisionfloating-
pointunit onaprocessorsuchastheUltraSPARC.

º,»'¼ ±«$'½ is
implementedon top of Objective Caml’s arbitrary-precision
rationals.ThestructureÃ%Â+½
°-Â-±�Ä,$ encodestheinput/output
nodesof thedag,andthe temporaryvariablesof thegener-
atedC code. Variablescanbe consideredan abstractdata
typethatis neverusedexplicitly in thispaper.

The &«¯,´�$ datatype encodesexpressionsover real num-
bers,sincethefinal C outputcontainsonly realexpressions.
For creatingthe expressiondagof the codelet,however, it
is convenient to expressthe algorithmsin terms of com-
plex numbers. The generatorcontainsa structurecalled²�¯ ¼ ¶�Ä,$+Ü , which implementscomplex expressionson top of
the &«¯,´�$ data type, in a straightforward way.6 The type²�¯ ¼ ¶�Ä,$+Ü¿¾Ý$+Ü,¶�½ (notshown) is essentiallyapairof &«¯,´�$ s.

We now describethe function ()(+*)#%$'& , which createsa
dag for a DFT of size 1 . In the current implementation,()(,*,#%$'& usesoneof thefollowing algorithms.

6Onesubtletyis thata complex multiplicationby a constantcanbeim-
plementedwith either4 realmultiplicationsand2 realadditions,or 3 real
multiplicationsand3 real additions[Knu98, Exercise4.6.4-41]. The cur-
rent generatorusesthe former algorithm,sincethe operationcountof the
dagis generallydominatedby additions.OnmostCPUs,it is advantageous
to movework from thefloating-pointadderto themultiplier.

Y A split-radixalgorithm[DV90], if 1 is a multiple of � .
Otherwise,Y A primefactoralgorithm(asdescribedin [OS89, page
619]), if 1 factors into 1 f 1 s , where 1 pßÞ6 8 and�+�\����1 f q 1 s � 6{8 . Otherwise,Y The Cooley-Tukey FFT algorithm(Equation(3)) if 1
factorsinto 1 f 1 s , where1 p�Þ6{8 . Otherwise,Y ( 1 is aprimenumber)Rader’salgorithmfor transforms
of primelength[Rad68] if 1=6 ¨ or 1JàÍ8\: . Otherwise,Y Direct application of the definition of DFT (Equa-
tion (1)).

We now look at the operationof ()(,*)#%$-& more closely.
Thefunctionhastype()(+*)#%$'&ßáJ°�&�*Zâ)ã Ø °�&�*Íâ)ã�²�¯ ¼ ¶�Ä,$+Ü¿¾Ý$+Ü,¶�½
Ù â)ã°�&�*Zâ)ã Ø °�&�*Íâ)ã�²�¯ ¼ ¶�Ä,$+Ü¿¾Ý$+Ü,¶�½
Ù
The first argumentto ()(,*,#%$'& is the size & of the trans-
form. The secondargumentis a function °�&)¶ » * with type°�&)*Zâ,ãÈ²�¯ ¼ ¶�Ä,$+ÜE¾�$+Ü,¶�½ . The application

Ø °�&)¶ » *{°)Ù re-
turnsa complex expressionthatcontainsthe ° -th input. The
third argument

Ë °t#,& is either 8 or }ä8 , andit determinesthe
directionof thetransform.

Dependingon the size 1 of the requestedtransform,()(+*)#%$'& dispatchesoneof thealgorithmsmentionedabove.
Wenow discusshow theCooley-Tukey FFTalgorithmis im-
plemented.The implementationof the otheralgorithmsis
similar, andit is notshown in thispaper.

The Objective Caml code that implementsthe Cooley-
Tukey algorithmcanbe found in Figure4. In orderto un-
derstandthecode,recallEquation(3). This equationtrans-
latesalmostverbatiminto Objective Caml. With reference
to Figure4, thefunctionapplication* ¼ ¶�åçæ)è computesthe
innersumof Equation(3) for a givenvalueof m s , andit re-
turnsafunctionof a f . ( * ¼ ¶�å is curriedover a f , andthereforea f doesnot appearexplicitly in thedefinition.) Next,

Ø * ¼ ¶�åæ)è{°%å+Ù is multiplied by the twiddle factors,yielding * ¼ ¶%è ,
thatis, theexpressionin squarebracesin Equation(3). Next,* ¼ ¶«é computestheoutersummation,which is itself a DFT
of size 1 s . (Again, * ¼ ¶«é is a functionof a f and a s , curried
over a s .) In orderto obtainthe a -th elementof theoutputof
thetransform,theindex a is finally mappedinto a f and a s andØ * ¼ ¶«éZ°%å·°-è�Ù is returned.

Observe that the codein Figure4 doesnot actuallyper-
form any computation.Instead,it builds a symbolicexpres-
sion dagthatspecifiesthe computation.TheotherDFT al-
gorithmsareimplementedin asimilar fashion.

At the top level, the generatorinvokes ()(,*,#%$'& with
the size & and the direction

Ë °t#,& specifiedby the user.
The °�&)¶ » * function is set to ( » &7°·â)ã�²�¯ ¼ ¶�Ä+$+Ü¿¾jÄ,¯,Â,´Ø Ã�Â+½
°-Â'±«Ä,$¦¾S°�&,¶ » *È°)Ù , i.e., a function that loadsthe a -th
input variable. Recallnow that ()(,*,#%$'& returnsa function
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Ä,$+*È½%$%ê�ê'¯,¯�Ä,$+µ«ë-* »�ì $+µç&�å &«è{°�&)¶ » * Ë °t#,&�¸Ä,$+*M* ¼ ¶�åíæ)èÈ¸M()(,*)#%$-&�&�åØ ( » &Íæ
å�â,ã{°�&,¶ » * Ø æ
å·Él&«èM³�æ)è�Ù,Ù Ë °t#,&7°�&Ä,$+*M* ¼ ¶«èÍ°%ålæ)èÈ¸$+Ü+¶�& ØîË °t#+&{ÉZ°%å�É·æ)è�Ù�ï«É�* ¼ ¶�åçæ)èZ°%å�°�&Ä,$+*M* ¼ ¶«éÍ°%åç¸M()(,*)#%$-&�&«è Ø * ¼ ¶«èZ°%å+Ù Ë °�#,&°�& Ø ( » &7°·â)ã·* ¼ ¶«é Ø ° ¼ ¯,´�&�å+Ù Ø °·ð�&�å+Ù)Ù
Figure 4: Fragmentof the FFTW codeletgeneratorthat imple-
mentsthe Cooley-Tukey FFT algorithm. The infix operator ñÚò
computesthe complex product. The function Ò�ó�ôõÏJö computes
theconstantexp ÷¥ø ù�ú,û üþý ÿ�� � .¯ » *+¶ » * , where

Ø ¯ » *+¶ » *{°)Ù is a complex expressionthat
computesthe a -th elementof theoutputarray. Thetop level
builds a list of

Ç *%¯+½%$ expressionsthat store
Ø ¯ » *,¶ » *{°)Ù

into the a -th outputvariable,for all
xÈy aFzß1 . This list

of
Ç *%¯+½�$ s is the codeletdagthat forms the input of subse-

quentphasesof thegenerator.
We concludethis sectionwith a few remarks.According

to thedescriptiongivenin this section,()(,*,#%$'& containsno
specialsupportfor the casewherethe input is real. This
statementis not completelytrue. In the actualimplemen-
tation, (,(,*)#%$'& maintainscertainsymmetriesexplicitly (for
example, if the input is real, then the output is known to
have hermitiansymmetry).Theseadditionalconstraintsdo
not changethe final output,but they speedup the genera-
tion process,sincethey avoid computingandsimplifying the
sameexpressiontwice. For thesamereason,theactualim-
plementationmemoizesexpressionssuchas * ¼ ¶�å�°Úè?°%å in
Figure4, sothatthey areonly computedonce.7

At this stage,thegenerateddagcontainsmany redundant
computations,suchas multiplicationsby 8 or

x
, additions

of
x
, andso forth. ()(,*)#%$-& makesno attemptto eliminate

theseredundancies.Figure5 shows a possibleC translation
of a codeletdagat thisstageof thegenerationprocess.

5 The simplifier

In this section,we presentFFTW’s simplifier, which trans-
forms codesuchas the one in Figure5 into simplercode.
Thesimplifiertransformsadagof &«¯+´�$ s(seeSection4) into
anotherdag of &«¯+´�$ s. We first discusshow the simplifier
transformsthe dag,andthenhow the simplifier is actually
implemented.Theimplementationbenefitsheavily from the
useof monads.

5.1 What the simplifier does

Wefirst illustratetheimprovementsappliedby thesimplifier
to thedag.Thesimplifier traversesthedagbottom-up,andit

7Theseperformanceimprovementswereimportantfor a userof FFTW
who neededa hard-codedtransformof size101, andhadnot obtainedan
answerafter the generatorhadrun for threedays. SeeSection7 for more
details.

* ¼ ¶�åí¸������ Á�Ø °�&,¶ » * Õ
	 Û�Ù�×* ¼ ¶���¸������ Á�Ø °�&,¶ » * Õ
	 Û�Ù�×* ¼ ¶�
�¸�������� Ø °�&,¶ » * Õ
	 Û�Ù�×* ¼ ¶«è�¸�������� Ø °�&,¶ » * Õ
	 Û�Ù�×* ¼ ¶«é�¸������ Á�Ø °�&,¶ » * Õ å\Û�Ù�×* ¼ ¶���¸������ Á�Ø °�&,¶ » * Õ å\Û�Ù�×* ¼ ¶���¸�������� Ø °�&,¶ » * Õ å\Û�Ù�×* ¼ ¶��M¸�������� Ø °�&,¶ » * Õ å\Û�Ù�×����� Á�Ø ¯ » *,¶ » * Õ�	 Û�Ù ¸ Ø)Ø å·É�* ¼ ¶�å+Ù�â Ø�	 É�* ¼ ¶«è�Ù,Ù³ Ø,Ø å�É�* ¼ ¶«é�Ù�â Ø�	 É�* ¼ ¶���Ù)Ù�×������� Ø ¯ » *,¶ » * Õ�	 Û�Ù ¸ Ø)Ø å·É�* ¼ ¶%è�Ùl³ Ø�	 É�* ¼ ¶�å+Ù,Ù³ Ø,Ø å�É�* ¼ ¶��
Ùl³ Ø�	 É�* ¼ ¶«é«Ù)Ù�×����� Á�Ø ¯ » *,¶ » * Õ å�Û�Ù ¸ Ø)Ø å·É�* ¼ ¶���Ù�â Ø�	 É�* ¼ ¶�
�Ù,Ù³ Ø,Ø â�å�É�* ¼ ¶���Ù�â Ø�	 É�* ¼ ¶���Ù)Ù�×������� Ø ¯ » *,¶ » * Õ å�Û�Ù ¸ Ø)Ø å·É�* ¼ ¶�
�Ùl³ Ø�	 É�* ¼ ¶���Ù,Ù³ Ø,Ø â�å�É�* ¼ ¶���Ùç³ Ø�	 É�* ¼ ¶���Ù)Ù�×
Figure 5: C translationof a dag for a complex DFT of size 2,
asgeneratedby �������ÚÒîÏ . Variabledeclarationshave beenomitted
from the figure. The codecontainsmany commonsubexpression
(e.g., ���-ô�� and ���'ô! ), andredundantmultiplicationsby " or ý .
appliesaseriesof local improvementsto everynode.For ex-
planationpurposes,theseimprovementscanbe subdivided
into threecategories: algebraictransformations,common-
subexpressionelimination,andDFT-specificimprovements.
Sincethefirst two kindsarewell-known [ASU86], I justdis-
cussthembriefly. We thenconsiderthe third kind in more
detail.

Algebraic transformationsreducethearithmeticcomplex-
ity of thedag.Likea traditionalcompiler, thesimplifierper-
forms constantfolding, andit simplifiesmultiplicationsbyx
, 8 , or }ä8 , and additionsof

x
. Moreover, the simplifier

appliesthedistributivepropertysystematically. Expressions
of the form #�$ � #�% aretransformedinto #��&$ � % � . In the
sameway, expressionsof theform # f $ � # s $ aretransformed
into �'# f � # st� $ . In general,thesetwo transformationshave
thepotentialof destroyingcommonsubexpressions,andthey
might increasetheoperationcount. This doesnot appearto
bethecasefor all DFT dagsI havestudied,althoughI donot
fully understandthereasonfor thisphenomenon.

Common-subexpressionelimination is also appliedsys-
tematically. Not only doesthesimplifier eliminatecommon
subexpressions,it alsoattemptsto createnew ones.For ex-
ample,it is commonfor aDFT dag(especiallyin thecaseof
realinput)to containboth $I}(% and %E}($ assubexpressions,
for some$ and % . Thesimplifier convertsbothexpressions
to either $ })% and }K�&$ }*% � , or }K�+%H})$ � and %�}*$ , de-
pendingon which expressionis encounteredfirst duringthe
dagtraversal.

Thesimplifierappliestwo kindsof DFT-specificimprove-
ments. First, all numericconstantsaremadepositive,possi-
bly propagatingaminussignto othernodesof thedag.This
curioustransformationis effective becauseconstantsgener-
ally appearin pairs # and },# in a DFT dag. To my knowl-
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Figure 6: Illustrationof “network” transposition.Eachgraphde-
finesan algorithmfor computinga linear function. Thesegraphs
arecalledlinear networks, andthey canbeinterpretedasfollows.
Dataareflowing in thenetwork, from inputnodesto outputnodes.
An edgemultiplies databy someconstant(possibly ý ), andeach
nodeis understoodto computethe sumof all incomingedges.In
this example,the network on the left computes

354 2 076 . / and- 4 ø 086 1 / . Thenetwork on the right is the “transposed”form
of thefirst network, obtainedby reversingall edges.Thenew net-
work computesthelinearfunction 0 4 2 3 6 ø - and / 4 . 3 6 1 - .
In general,if a network computes0 4:9 / for somematrix

9
,

the transposednetwork computes/ 4;9=< 0 . (See[CO75] for a
proof.) Theselinearnetworksaresimilar to but not thesameasex-
pressiondagsnormallyusedin compilersandin �tÒ\Ï>����� , because
in thelattercasethenodesandnot theedgesperformcomputation.
A network canbeeasilytransformedinto anexpressiondag,how-
ever. Theconverseis not truein general,but it is truefor DFT dags
whereall multiplicationsareby constants.

edge,every C compilerwould storeboth # and },# in the
programtext, andit would loadbothconstantsinto aregister
atruntime.Makingall constantspositivereducesthenumber
of loadsof constantsby a factorof two, andthis transforma-
tion alonespeedsup the generatedcodeletsby 10-15%on
mostmachines.Thistransformationhastheadditionaleffect
of converting subexpressionsinto a canonicalform, which
helpscommon-subexpressionelimination.

The secondDFT-specific improvement is not local to
nodes,andis insteadappliedto the whole dag. The trans-
formation is basedon the fact that a dagcomputinga lin-
ear function can be “reversed”yielding a transposeddag
[CO75]. Thistranspositionprocessis well-known in theSig-
nal Processingliterature[OS89, page309],andit operatesa
shown in Figure6. It turnsout thatin certaincasesthetrans-
poseddagexposessomesimplificationsthatarenot present
in the original dag. (An examplewill be shown later.) Ac-
cordingly, thesimplifier performsthreepassesover thedag.
It first simplifiestheoriginaldag ? yieldinga dag @ . Then,
it simplifiesthe transposeddag @7A yielding a dag BCA . Fi-
nally, it simplifies B (the transposeddagof B A ) yielding a
dag D .8 Figure7 shows thesavings in arithmeticcomplex-
ity thatderive from dagtranspositionfor codeletsof various
sizes. As it canbe seenin the figure, transpositioncanre-
ducethe numberof multiplications,but it doesnot reduce
thenumberof additions.

Figure8 showsasimplecasewheretranspositionis bene-

8Althoughonemight imagineiteratingthis process,threepassesseem
to besufficient in all cases.

adds muls adds muls
size (not transposed) (transposed)
complex to complex
5 32 16 32 12
10 84 32 84 24
13 176 88 176 68
15 156 68 156 56
realto complex
5 12 8 12 6
10 34 16 34 12
13 76 44 76 34
15 64 31 64 25
complex to real
5 12 9 12 7
9 32 20 32 18
10 34 18 34 14
12 38 14 38 10
13 76 43 76 35
15 64 37 64 31
16 58 22 58 18
32 156 62 156 54
64 394 166 394 146
128 956 414 956 374

Figure 7: Summaryof thebenefitsof dagtransposition.Thetable
shows the numberof additionsandmultiplicationsfor codeletsof
varioussize,with andwithout dagtransposition.Sizesfor which
thetranspositionhasnoeffectarenot reportedin this table.

ficial. Thenetwork in thefigurecomputesEI6·�GF-��4'Ó � :+Ô � .
It is not safeto simplify this expressionto EB6 ª Ó � 8t4'Ô ,
sincethis transformationdestroys the commonsubexpres-
sions 4'Ó and :+Ô . (Thetransformationdestroysoneoperation
andtwo commonsubexpressions,which might increasethe
operationcountby one.) Indeed,the whole point of most
FFT algorithmsis to createcommonsubexpressions.When
thenetwork is transposed,however, it computesÓ 6 48FÚ�HE
and ÔK67:IFt�HE . Thesetransposedexpressionscanbesafely
transformedinto Ó�6 ª E and ÔI678�4JE becauseeachtransfor-
mationsavesoneoperationanddestroysonecommonsubex-
pression.Consequently, theoperationcountcannotincrease.
In a sense,transpositionprovidesa simpleandelegantway
to detectwhichdagnodeshavemorethanoneparent,which
wouldbedifficult to detectwhenthedagis beingtraversed.

5.2 Implementation of the simplifier

The simplifier is written in monadicstyle [Wad97]. The
monadperformstwo important functions. First, it allows
thesimplifier to treattheexpressiondagasif it werea tree,
which makesthe implementationconsiderablyeasier. Sec-
ond, the monadperformscommon-subexpressionelimina-
tion. We now discussthesetwo topics.

Treating dags as trees. Recall that the goal of the sim-
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Figure 8: A linearnetwork wherewhichdagtranspositionexposes
someoptimizationpossibilities.Seethetext for anexplanation.

plifier is to simplify anexpressiondag.Thesimplifier, how-
ever, is written asif it weresimplifying an expressiontree.
Themapfromtreestodagsisaccomplishedbymemoization,
whichis performedimplicitly by amonad.Themonadmain-
tains a table of all previously simplified dag nodes,along
with their simplified versions. Whenever a nodeis visited
for thesecondtime,themonadreturnsthevaluein thetable.

In orderto continuereadingthissection,youreallyshould
be familiar with monads[Wad97]. In any case,here is a
verybrief summaryonmonads.Theideaof amonadic-style
programis to convertall expressionsof theformÄ,$+*ÈÜÍ¸ÍÂ{°�& Ø ±MÜ
Ù
into somethingthatlookslikeÂ�ã)ã+¸M( » &MÜ{â,ã�½%$'* » ½,&�� Ø ±ÍÜ�Ù
The codeshouldbe read“call ( , andthennamethe resultÜ andreturn

Ø ±�Ü
Ù .” Theadvantageof this transformation
is that the meaningsof “then” (the infix operatorã)ã+¸ ) and
“return” (thefunction ½%$'* » ½,&�� ) canbedefinedsothat they
perform all sortsof interestingactivities, suchas carrying
statearound,performI/O, act nondeterministically, etc. In
the specificcaseof the FFTW simplifier, ã)ã+¸ is definedso
asto keeptrack of a few tablesusedfor memoization,and½%$+* » ½,&�� performscommon-subexpressionelimination.

The core of the simplifier is the function Â�Ä'# Ë ° ¼ ¶�� , as
shown in Figure9. Â�Ä'# Ë ° ¼ ¶�� dispatcheson the argumentÜ (of type &«¯,´�$ ), and it calls a simplifier function for the
appropriatecase.If thenodehassubnodes,thesubnodesare
simplified first. For example,supposeÜ is a

Ì ° ¼ $ Ë node.
Sincea

Ì ° ¼ $ Ë nodehastwo subnodesÂ and ± , thefunctionÂ�Ä'# Ë ° ¼ ¶�� first callsitself recursively on Â , yielding ÂNM , and
thenon ± , yielding ±OM . Then,Â�Ä'# Ë ° ¼ ¶�� passescontrolto the
function

Ë *�° ¼ $ Ë � . If both ÂPM and±OM areconstants,
Ë *
° ¼ $ Ë �

computesthe productdirectly. In the sameway,
Ë *
° ¼ $ Ë �

takescareof thecasewhereeither ÂNM or ±QM is
x

or 8 , andso
on. Thecodefor

Ë *�° ¼ $ Ë � is shown in Figure10.
The neattrick of using memoizationfor graphtraversal

wasinventedby JoannaKulik in hermaster’s thesis[Kul95],
asfarasI cantell.

Common-subexpression elimination (CSE) is per-
formedbehindthescenesby themonadicoperator½%$+* » ½,&�� .
The CSE algorithm is essentiallythe classicalbottom-up

Ä,$'*M½�$«ê�Â)Ä'# Ë ° ¼ ¶��·Ü�¸¼ $ ¼ ¯«°>R�°�&�#Ø ( » &
êÚ*�°-¯'&º+»'¼ ÂÍâ)ã Ë & »-¼ ��Â¹HÊ Ä »
Ë ÂÍâ,ã¼ Â'¶��ÍÂ)Ä'# Ë ° ¼ ¶��ÈÂ�ã)ã+¸ Ë ¶�Ä »
Ë �¹HÌ ° ¼ $ Ë Ø ÂTS ±�Ù�â)ãÂ�Ä'# Ë ° ¼ ¶���ÂÍã)ã'¸�( » &ZÂPM=â)ãÂ�Ä'# Ë ° ¼ ¶���±?ã)ã+¸È( » &È±OM â)ãË *�° ¼ $ Ë � Ø ÂNM!S|±OM�Ù¹¢Î'¼ °�& »
Ë Â�â)ãÂ�Ä'# Ë ° ¼ ¶���ÂÍã)ã'¸ Ët»-¼ °�& »
Ë �¹|Ç *%¯+½%$ Ø ÅUS Â�Ù�â)ãÂ�Ä'# Ë ° ¼ ¶���ÂÍã)ã'¸�( » &ZÂPM=â)ã½%$+* » ½+&�� Ø�Ç *%¯'½%$ Ø ÅPS=ÂNM�Ù,Ù¹ ÜZâ)ã·½%$+* » ½,&��·Ü
ÙÜ
Figure 9: The top-level simplifier function V�WX�!Y�Z[�'ô�\ , written in
monadicstyle.Seethetext for anexplanation.

constructionfrom [ASU86, page592]. The monadmain-
tains a table of all nodesproducedduring the traversalof
thedag. Eachtime a new nodeis constructedandreturned,½%$'* » ½,&�� checkswhetherthenodeappearselsewherein the
dag. If so, the new nodeis discardedand ½�$+* » ½,&�� returns
the old node. (Two nodesareconsideredthe sameif they
computeequivalentexpressions.For example, Ó � Ô is the
sameas Ô � Ó .)

It is worth remarking that the simplifier interleaves
common-subexpressioneliminationwith algebraictransfor-
mations.To seewhy interleaving is important,considerfor
examplethe expressionÓH}�Ó�] , where Ó and Ó�] aredistinct
nodesof thedagthatcomputethesamesubexpression.CSE
rewritestheexpressionto Ó
}KÓ , whichis thensimplifiedto

x
.

Thispatternoccursfrequentlyin DFT dags.

6 The scheduler

In this sectionwe discussthe #%$'&�()(,* scheduler, which pro-
ducesatopologicalsortof thedagin anattemptto maximize
registerusage.For transformswhosesizeis apowerof 4 , we
provethatascheduleexiststhatis asymptoticallyoptimalin
this respect,eventhoughthescheduleis independentof the
numberof registers. This fact is derived from the red-blue
pebblinggameof HongandKung[HK81].

Even after simplification,a codeletdagof a large trans-
form still containshundredsor eventhousandsof nodes,and
thereis no way to executeit fully within the registersetof
any existingprocessor. Theschedulerattemptsto reorderthe
dagin sucha way thatregisterallocatorscommonlyusedin
compilers[Muc97, Section16] canminimizethenumberof
registerspills. Note that the FFTW codeletgeneratordoes
not addressthe instructionschedulingproblem;that is, the
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Ä,$+*È½%$%ê Ë *�° ¼ $ Ë �·¸Í( » &�êÚ*
°-¯'&¹�ØÝÎ'¼ °�& »
Ë ÂTS ±�Ù·â)ã Ø É�â,ÂZÉ�± ¸)¸%ãÈâ Ø ÂZÉ�±�Ù�É�ÙË *
° ¼ $ Ë � Ø Â^SF±�Ù�ã)ã+¸ Ët»'¼ °�& »
Ë �¹�Ø ÂTS Î+¼ °�& »
Ë ±�Ù·â)ã Ø É·Â{É�â-± ¸)¸%ãÈâ Ø ÂZÉ�±�Ù�É�ÙË *
° ¼ $ Ë � Ø Â^SF±�Ù�ã)ã+¸ Ët»'¼ °�& »
Ë �¹�Øjº+»'¼ Â^S º+»'¼ ±�Ù�â,ã Ø É ¼«» Ä-*
°�¶�Ä'µ�*�_«¯�& »'¼ ±%$+½ Ë É�ÙË & »'¼ � Ø�º,»'¼ ±«$'½¿¾ ¼«» ÄlÂ�±
Ù¹�Øjº+»'¼ Â^S Ì ° ¼ $ Ë Øjº,»-¼ ±NS ê)Ù)Ù�â,ãË & »'¼ � Ø�º,»'¼ ±«$'½¿¾ ¼«» ÄlÂ�±
Ù�ã)ã'¸M( » &ÍÜZâ)ãË *�° ¼ $ Ë � Ø ÜPSõê�Ù¹�Øjº+»'¼ Â^S ±
Ù)_�`%$'& º,»'¼ ±«$'½¿¾S° Ë ë!R�$+½%¯lÂÍâ,ãË & »'¼ � º+»'¼ ±«$+½E¾
R�$+½%¯ Ø É 	 É�± ¸)¸�ã 	 É�Ù¹�Øjº+»'¼ Â^S ±
Ù)_�`%$'& º,»'¼ ±«$'½¿¾S° Ë ë+¯'&«$lÂÍâ)ã½%$+* » ½+&���± Ø É{å·É�± ¸)¸�ã�± É�Ù¹�Øjº+»'¼ Â^S ±
Ù)_�`%$'& º,»'¼ ±«$'½¿¾S° Ë ë ¼ ¯'&«$lÂÍâ,ãËt»'¼ °�& »
Ë ��± Ø ÉÈâ�å·Él± ¸,¸%ãÈâ-± É)Ù¹�Ø ÂTS Øjº+»'¼ ëMÂ Ë ±OM�Ù,Ù�â)ã Ë *
° ¼ $ Ë � Ø ±OM!S=Â�Ù¹�Ø ÂTS ±�Ù�â)ã·½%$+* » ½,&�� ØjÌ ° ¼ $ Ë Ø ÂTSF±
Ù)Ù
Figure 10: Codefor the function Ya�!Z��,Ò>Y�\ , which simplifiesthe
productof two expressions.Thecomments(delimitedwith bÝò ò>c )
briefly discussthevarioussimplifications.Evenif it operateson a
dag,this is exactly thecodeonewouldwrite to simplify a tree.

maximizationof pipelineusageis left to theC compiler.
Figure11 illustratesthe schedulingproblem. Supposea

processorhas4 registers,andconsidera“columnmajor” ex-
ecutionorderthatfirst executesall nodesin thediagonally-
stripedbox (say, top-down), andthenproceedsto the next
columnof nodes.Sincethereare8 valuesto propagatefrom
columnto column,andthemachinehas4 registers,at least
four registersmustbe spilled if this strategy is adopted.A
differentstrategy would be to executeall operationsin the
graybox beforeexecutingany othernode.Theseoperations
canbeperformedfully within registersoncetheinputnodes
have beenloaded.It is clearthatdifferentschedulesleadto
differentbehaviorswith respectto registerspills.

A lowerboundonthenumberof registerspills incurredby
any executionof theFFTgraphwasfirst provedby Hongand
Kung[HK81] in thecontext of theso-called“red-bluepeb-
blinggame”.Paraphrasedin compilerterminology,Theorem
2.1 from [HK81] statesthat theexecutionof theFFT graph
of size 1B6È4 5 onamachinewith d registers(whered y 1 )
requiresat leasteV��1V£�¤'��1gf�£o¤+�Pd � registerspills.9 Aggarwal
andVitter [AV88] generalizethis resultto disk I/O, wherea
singleI/O operationcantransfera blockof elements.In ad-
dition, Aggarwal andVitter giveaschedulethatmatchesthe
lowerbound.Theirscheduleis constructedasin theexample
thatfollows. With referenceto Figure11,assumeagainthat
the machinehas d96 � registers. The scheduleloadsthe
four topmostinput nodesof the dag,andthenexecutesall
nodesin thegraybox, which canbedonecompletelyusing
the 4 registers. Then, the four outputsof the gray box are

9Thesameresultholdsfor any two-level memory, suchasL1 cachevs.
L2, or physicalmemoryvs.disk.

h h h h hh h h h hh h h h hh h h h hh h h h hh h h h hh h h h hh h h h hh h h h hh h h h hh h h h hh h h h h

i i i i ii i i i ii i i i ii i i i ii i i i ii i i i ii i i i ii i i i ii i i i ii i i i ii i i i ii i i i i

Figure 11: Illustration of the schedulingproblem. The butterfly
graph(in black) representsan abstractionof the dataflow of the
fastFouriertransformalgorithmon8 inputs.(In practice,thegraph
is more complicatedbecausedataare complex, and the real and
imaginarypart interactin nontrivial ways.) Theboxesdenotetwo
differentexecutionordersthatareexplainedin thetext.

written to sometemporarymemorylocation,andthe same
processis repeatedfor the four inputsin thebottompartof
thedag.Finally, thescheduleexecutestherightmostcolumn
of thedag.In general,thealgorithmproceedsby partitioning
the dag into blocksthat have d input nodesand j���£�¤'�Pd �
depth. Consequently, thereare j���1V£o¤+��1gf��'dJ£o¤+�Nd ��� such
blocks,andeachblockcanbeexecutedwith ¡¢�'d � transfers
betweenregistersandmemory. Thetotalnumberof transfers
is thusatmost ¡¢��1V£�¤'�E1gf�£o¤+�Pd � , andthealgorithmmatches
thelowerbound.

Unfortunately, Aggarwal andVitter’s algorithmdepends
on d , anda schedulefor a givenvalueof d doesnot work
well for other values. The aim of the FFTW generatoris
to produceportablecode,however, andthegeneratorcannot
make any assumptionabout d . It is perhapssurprisingthat
a scheduleexists that matchesthe asymptoticlower bound
for all valuesof d . In otherwords,a singlesequentialorder
of executionof an FFT dagexists that, for all d , requires¡¢��1V£�¤'�¦1gf�£o¤+�Pd � registerspillsona machinewith d regis-
ters.We saythatsucha scheduleis cache-oblivious.10

Wenow show thattheCooley-Tukey FFTbecomescache-
obliviouswhenthefactorsof 1 arechosenappropriately(as
in [VS94a, VS94b]). We first formulatea recursive algo-
rithm, which is easierto understandandanalyzethana dag.
Then,weexaminehow thecomputationdagof thealgorithm
shouldbescheduledin orderto mimic theregister/cachebe-
havior of thecache-obliviousalgorithm.

Considerthe Cooley-Tukey algorithmappliedto a trans-

10We say “cache-” and not “register-oblivious” since this notion first
arosefrom theanalysisof thecachingbehavior of Cilk [FLR98] programs
usingsharedmemory. Work is still in progressto understandanddefine
cache-obliviousnessformally, andthis conceptdoesnot yet appearin the
literature. Simpledivide-and-conquercache-oblivious algorithmsfor ma-
trix multiplicationandLU decompositionaredescribedin [BFJk 96].
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form of size 1J6Z4'5 . Assumefor simplicity that # is itself a
powerof two, althoughtheresultholdsfor any positive inte-
ger # . At every stageof the recursion,we have a choiceof
the factors1 f and 1 s of 1 . Choose1 f 6 1 s 6ml 1 . The
algorithmcomputesl 1 transformsof size l 1 , followedby¡¢��1 � multiplicationsby thetwiddlefactors,followedby l 1
moretransformsof size l 1 . When 1?zmj��'d � , the trans-
form canbecomputedfully within registers.Thus,thenum-
ber n��¥1 � of transfersbetweenmemoryandregisterswhen
computinga transformof size 1 satisfiesthis recurrence.

n��¥1 � 6;o 4Hl 1pn��ql 1 � � ¡¢��1 � when 1srtj��ud �Pvj��ud � otherwise�
The recurrencehas solution n��¥1 � 6 ¡¢��1V£�¤'��1gf�£�¤'�wd � ,
whichmatchesthelowerbound.

We now reexaminethe operationof the cache-oblivious
FFT algorithmin termsof the FFT dagas the one in Fig-
ure11. Partitioningaproblemof size 1 into l 1 problemsof
size l 1 is equivalentto cutting thedagwith a vertical line
thatpartitionsthedaginto two halvesof (roughly)equalsize.
Everynodein thefirst half is executedbeforeany nodein the
secondhalf. Eachhalf consistsof j��'l 1 � connectedcompo-
nents,whicharescheduledrecursively in thesameway.

The #%$'&�()(,* scheduleruses this recursive partitioning
techniquefor transformsof all sizes(not just powersof 2).
The schedulercuts the dagroughly into two halves. “Half
a dag” is not well defined,however, except for the power
of 2 case,andthereforethe #%$'&�()(,* schedulerusesa simple
heuristic(describedbelow) to computethetwo halvesfor the
generalcase.Thecut inducesasetof connectedcomponents
thatarescheduledrecursively. Theschedulerguaranteesthat
all componentsin thefirst half of thedag(theonecontaining
theinputs)areexecutedbeforethesecondhalf is scheduled.
For thespecialcase1ç674'5 , becauseof thepreviousanaly-
sis,weknow thatthisscheduleof thedagallowstheregister
allocatorof theC compilerto minimizethenumberof regis-
ter spills (up to someconstantfactor).Little is known about
the optimality of this schedulingstrategy for general1 , for
which neitherthe lower-boundnor the upper-boundanaly-
seshold.

Finally, we discussthe heuristicusedto cut the daginto
two halves. Theheuristicconsistsof “burningthecandleat
both ends”. Initially, the schedulercolors the input nodes
red,theoutputnodesblue,andall othernodesblack. After
this initial step,thescheduleralternatesbetweena redanda
bluecoloringphase.In a redphase,any nodewhoseprede-
cessorsareall red becomesred. In a blue phase,all nodes
whosesuccessorsarebluearecoloredblue.Thisalternation
continueswhile black nodesexist. Whencoloring is done,
red nodesform the first “half ” of the dag,andblue nodes
the second.When 1 is a power of two, the FFT daghasa
regular structurelike the oneshown in Figure11, andthis
processhastheeffectof cuttingthedagin themiddlewith a
verticalline, yieldingthedesiredoptimalbehavior.

7 Pragmatic aspects of #%$'&%(,(,*
Thissectiondiscussesbriefly therunningtimeandthemem-
ory requirementsof #�$'&%()(,* , andalsosomeproblemsthat
arisein theinteractionof the #%$'&%()(+* schedulerwith C com-
pilers.

The FFTW codeletgeneratoris not optimizedfor speed,
sinceit is intendedto be run only once. Indeed,usersof
FFTW candownloada distribution of generatedC codeand
never run #%$'&%(,(,* at all. Nevertheless,theresourcesneeded
by #%$-&%()(,* are quite modest. Generationof C codefor a
transformof size64 (thebiggestusedin FFTW) takesabout
75secondsona200MHzPentiumProrunningLinux 2.2and
the native-codecompilerof Objective Caml 2.01. #�$'&%()(,*
needslessthan3 MB of memoryto completethegeneration.
Theresultingcodeletcontains912additions,248multiplica-
tions.Onthesamemachine,thewholeFFTWsystemcanbe
regeneratedin about15 minutes.Thesystemcontainsabout
55,000linesof codein 120files,consistingof variouskinds
of codeletsfor forward,backward,realtocomplex, andcom-
plex to real transforms.Thesizesof thesetransformsin the
standardFFTWdistribution includeall integersup to 16and
all powersof two upto 64.

A few FFTW usersneededfasthard-codedtransformsof
uncommonsizes(suchas 19 and 23), and they were able
to run the generatorto producea systemtailored to their
needs.Thebiggestprogramgeneratedsofar wasfor a com-
plex transformof size101,which requiredslightly lessthan
two hoursof CPU time on the PentiumPro machine,and
about10 MB of memory. Again, a userhada specialneed
for sucha transform,which wouldbeformidableto codeby
hand. In orderto achieve this runningtime, I wasforcedto
replacea linked-list implementationof associative tablesby
hashing,andto avoid generating“obvious” commonsubex-
pressionsmorethanoncewhenthedagis created.Thenaive
generatorwassomewhatmoreelegant,but hadnotproduced
ananswerafterthreedays.

The long sequencesof straight-linecode producedby#%$-&%()(,* canpushC compilers(in particular, registeralloca-
tors) to their limits. Thecombinedeffect of #%$'&�()(,* andof
theC compilercanleadto performanceproblems.Thefol-
lowing discussionpresentstwo particularcasesthat I found
particularlysurprising,andis not intendedto blameany par-
ticularcompileror vendor.

The optimizerof the $+#�ê Ë â�å�¾ å�¾îå compilerperformsan
instructionschedulingpass,followedby registerallocation,
followed by anotherinstructionschedulingpass. On some
architectures,including the SPARC and PowerPCproces-
sors, $+#�ê Ë employs the so-called“Haifa scheduler”,which
usually producesbetter code than the normal $+#�ê Ë / #�ê)ê
scheduler. The first passof the Haifa scheduler, however,
hasthe unfortunateeffect of destroying #%$'&�()(,* ’s schedule
(computedas explained in Section6). In $+#�ê Ë , the first
instructionschedulingpasscanbe disabledwith the option
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Figure 12: Two possibledeclarationsof local variablesin C. On
theleft side,variablesaredeclaredin thetopmostlexical scope.On
theright side,variablesaredeclaredin a privatelexical scopethat
encompassesthelifetime of thevariable.â+(+&%¯�â Ë ê�`%$,´ » Ä,$)â«°�& Ë & Ë , andona167MHz UltraSPARC I,
the compiled code is between50% and 100% fasterand
abouthalf the sizewhenthis option is used. Inspectionof
theassemblycodeproducedby $+#�ê Ë revealsthatthediffer-
enceconsistsentirelyof registerspillsandreloads.

Digital’sC compilerfor Alpha(DECC V5.6-071onDig-
ital UNIX V4.0 (Rev. 878)) seemsto be particularlysen-
sitive to the way local variablesare declared. For exam-
ple, Figure 12 illustrates two ways to declaretemporary
variablesin a C program. Let’s call them the “left” and
the “right” style. #%$'&%(,(,* can be programmedto produce
code in either way, and for most compilers I have tried
thereis no appreciableperformancedifferencebetweenthe
two styles. Digital’s C compiler, however, appearsto pro-
ducebettercodewith the right style (the right sideof Fig-
ure12). For a transformof size64, for example,andcom-
piler flags â-&«$!_�ê�â>_ 	 â�z���â,Â'& Ë ° Â�Ä«°-Â Ë â,Â'& Ë ° Â+½)# Ëâ+(+¶ ½%$)¯+½�´)$+½�â'* » &%$*`«¯ Ë *Íâ Ë *)´�å , a 467MHz Alpha
achieves about450 MFLOPS with the left style, and 600
MFLOPSwith the right style. (Differentsizesleadto sim-
ilar results.) I could not determinethe exact sourceof this
difference.

8 Conc lusion

In my opinion, the main contribution of this paper is to
presenta real-world applicationof domain-specificcompil-
ersandof advancedprogrammingtechniques,suchasmon-
ads. In this respect,the FFTW experiencehasbeenvery
successful:the currentreleaseFFTW-2.0.1 is beingdown-
loadedby morethan100peopleeveryweek,andafew users
have beenmotivatedto learnML aftertheir experiencewith
FFTW. In the restof this concludingsection,I offer some
ideasaboutfuture work and possibledevelopmentsof the
FFTWsystem.

The current #%$'&%(,(,* programis somewhat specializedto
computinglinear functions,usingalgorithmswhosecontrol

structureis independentof the input. Evenwith this restric-
tion, thefield of applicabilityof #%$'&%(,(,* is potentiallyhuge.
For example,signalprocessingFIR andIIR filters fall into
this category, aswell as otherkinds of transformsusedin
imageprocessing(for example,thediscretecosinetransform
usedin JPEG).I amconfidentthat thetechniquesdescribed
in thispaperwill provevaluablein thissortof application.

Recently, I modified #%$'&%()(+* to generatecrystallographic
Fourier transforms[ACT90]. In this particularapplication,
theinputconsistsof 2D or 3D datawith certainsymmetries.
For example,the input datasetmight be invariantwith re-
spectto rotationsof 60 degrees,andit is desirableto have
a special-purposeFFT algorithmthat doesnot executere-
dundantcomputations.Preliminaryinvestigationshows that#%$-&%()(,* is ableto exploit mostsymmetries.I am currently
workingon thisproblem.

In its presentform, #%$'&�()(,* is somewhat unsatisfactory
becauseit intermixesprogrammingandmetaprogramming.
At the programminglevel, onespecifiesa DFT algorithm,
asin Figure4. At themetaprogramminglevel, onespecifies
how theprogramshouldbesimplifiedandscheduled.In the
currentimplementation,thetwo levelsareconfusedtogether
in a singlebinaryprogram.It would beniceto have a clean
separationof thesetwo levels, but I currentlydo not know
how to do it.
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