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Abstract

The FFTW library for computingthe discreteFouriertrans-
form (DFT) hasgaineda wide acceptancén bothacademia
andindustry becausét providesexcellentperformanceon
a variety of machinegeven competitize with or fasterthan
equialentlibrariessuppliedby vendors).In FFTW, mostof
the performance-criticatode was generatecautomatically
by a special-purposeompiler, calledgenfft, that outputs
C code. Written in Objective Caml, genfft canproduce
DFT programsfor ary input length, and it can specialize
the DFT programfor the commoncasewheretheinput data
arerealinsteadof complex. Unexpectedlygenfft “discov-
ered” algorithmsthat were previously unknown, andit was
ableto reducethe arithmeticcomplexity of someotherex-
isting algorithms. This paperdescribeghe internalsof this
special-purposeompilerin somedetail,andit arguesthata
specializedcompileris avaluabletool.

1 Introduction

Recently Steven G. Johnsorand| releasedversion?2.0 of
the FFTW library [FJ98 FJ, a comprehensie collectionof
fastC routinesfor computingthe discreteFouriertransform
(DFT) in oneor moredimensionspf bothrealandcomplex
data,and of arbitraryinput size. The DFT [DV9(Q] is one
of the mostimportantcomputationalproblems,and mary
real-world applicationsrequirethat the transformbe com-
putedas quickly as possible. FFTW is one of the fastest
DFT programsvailable(seeFiguresl and2) becausef two
uniquefeatures First, FFTW automaticallyadaptghe com-
putationto the hardware. Secondthe innerloop of FFTW
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Figure 1: Graphof the performanceof FFTW versusSun’s Per

formanceLibrary on a 167 MHz UltraSRARC processoin single
precision. The graphplotsthe speedn “mflops” (higheris better)
versusthe size of the transform. This figure shaws sizesthat are
powers of two, while Figure 2 shawvs othersizesthat canbe fac-
toredinto powersof 2, 3, 5, and7. This distinctionis important
becaus¢he DFT algorithmdepend®nthefactorizatiorof thesize,
and mostimplementation®f the DFT are optimizedfor the case
of powersof two. See[FJ97]for additionalexperimentalresults.
FFTWwascompiledwith Suns C compiler(WorkShopCompilers
4.2300ct1996C 4.2).

(whichamountgo 95% of thetotal code)wasgenerate@u-
tomaticallyby a special-purposeompilerwritten in Objec-
tive Caml[Ler98]. This paperexplainshow this compiler
works.

FFTW doesnotimplementa singleDFT algorithm,but it
is structuredasa library of codelets—sequencesf C code
that can be composedn mary ways. In FFTW's lingo, a
compositionof codeletsis calleda plan. You canimagine
the plan as a sort of bytecodethat dictateswhich codelets
shouldbe executedin what order (In the currentFFTW
implementationhowever, a plan hasa tree structure.) The
preciseplan usedby FFTW dependon the size of the in-
put (where“the input” is an array of n complex numbers),
and on which codeletshappento run faston the underly-
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Figure 2: Seecaptionof Figurel.

ing hardware. The userneednot choosea plan by hand,
however, becausd-FTW chooseghe fastestplan automat-
ically. The machineryrequiredfor this choiceis described
elsavhere[FJ97 FJ98].

Codeletsform the computationakernelof FFTW. You
canimagineacodeletasafragmentof C codethatcomputes
aFouriertransformof afixedsize(say 16,0r 19)! FFTW's
codeletsare producedautomaticallyby the FFTW codelet
generator unimaginawely called genfft. genfft is an
unusualkpecial-purposeompiler While a normalcompiler
acceptsC code (say) and outputsnumbers genfft inputs
the singleinteger n (the size of the transform)and outputs
C code. The codeletgeneratorcontainsoptimizationsthat
areadvantageou$or DFT programsbut not appropriatefor
ageneralkcompiler andcorversely it doesnot containopti-
mizationsthatarenot requiredfor the DFT programst gen-
erategfor exampleloop unrolling).

genfft operatesn four phases.

1. In the creation phase,genfft producesa directed
agyclic graph(dag) of the codelet,accordingto some
well-known algorithmfor the DFT [DV90]. The gen-
eratorcontainsmary suchalgorithmsandit appliesthe
mostappropriate.

2. In the simplifier, genfft applieslocal rewriting rules
to eachnodeof thedag,in orderto simplify it. In tradi-
tional compilerterminology this phaseperformsalge-
braictransformationandcommon-subepressiorelim-
ination, but it alsoperformsothertransformationshat
arespecificto the DFT. For example, it turnsoutthatif
all floatingpointconstantaremadepositive, thegener
atedcoderunsfaster (SeeSection5.) Anotherimpor-
tanttransformatioris dagtransposition which derives
from the theoryof linearnetworks[CO75. Moreover,

1In the actualFFTW system,somecodeletsperformmoretasks,how-
ever. For the purposef this paper we consideronly the generationof
transformsof afixedsize.

besidesioticingcommonsubexpressionsthesimplifier
alsoattemptdo createhem. Thesimplifieris writtenin
monadicstyle[Wad971, which allowedmeto dealwith
thedagasif it wereatree,makingtheimplementation
mucheasier

3. Inthesdtheduler, genfft producestopologicalsortof
the dag (a “schedule”)that, for transformsof size 2%,
provably minimizesthe asymptotichnumberof register
spills,no matterhowmanyregisteis thetargetmacine
has This truly remarkablefact can be derived from
theanalysisof thered-bluepebblinggameof Hongand
Kung[HK81], aswe shallseein Section6. For trans-
formsof othersizestheschedulingstratey is nolonger
provablygood,butit still workswell in practice.Again,
thescheduledependseaily onthetopologicalstruc-
ture of DFT dags,andit would not be appropriatén a
general-purposeompiler

4. Finally, theschedulas unparsedo C. (It would beeasy
to produceFORTRAN or otherlanguage$y changing
theunparse) Theunparseis ratherobviousandunin-
terestinggexceptfor onesubtletydiscusseth Section?.

Although the creation phaseusesalgorithmsthat have
beenknown for several years,the outputof genfft is at
times completelyunexpected. For example,for a complex
transformof sizen = 13, the generatoremplogys an algo-
rithm dueto Rader in the form presentedby Tolimieri and
others[TAL97]. In its mostsophisticatedsariant, this al-
gorithm performs214real (floating-point)additionsand 76
real multiplications. (See[TAL97, Page161].) The gener
atedcodein FFTW for the samealgorithm, however, con-
tainsonly 176realadditionsand68 realmultiplications,be-
causegenfft found certainsimplificationsthatthe authors
of [TAL97] did notnotice?

The generatorspecializeshe dag automaticallyfor the
casewherethe input dataarereal, which occursfrequently
in applications.This specializatioris nontrivial, andin the
pastthe designof an efficient real DFT algorithmrequired
aseriouseffort thatwaswell worth a publication[SJHB87].
genfft, however, automaticallyderivesreal DFT programs
from the complec algorithms, and the resulting programs
have the samearithmeticcompleity asthosediscussedy
[SIJHBS87 Tablell].® The generatomlsoproducegeal vari-
antsof theRaders algorithmmentionedcabove, whichto my
knowledgedo not appeasarywherein theliterature.

2Buried somavherein the computatiordaggeneratedby the algorithm
are statement®f theforma = ¢+ d, b = ¢ —d, e = a +b. The
generatorsimplifiesthesestatementso e = 2 * ¢, provideda andb are
not needecklsavhere. Incidentally [SB9§ reportsan algorithmwith 188
additionsand40 multiplications,usingamoreinvolved DFT algorithmthat
I have notimplementedyet. To my knowledge,the programgeneratedy
genfft performsthelowestknovn numberof additionsfor this problem.

3Infact,genfft savesafew operationsn certaincasessuchasn = 15.



I found a special-purpose&ompiler such as the FFTW
codeletgeneratoto be a valuabletool, for a variety of rea-
sonsthatl now discusdoriefly.

¢ Performancewasthe main goal of the FFTW project,
andit could not have beenachieved without genfft.
For example thecodelethatperformsa DFT of size64
is usedroutinelyby FFTW onthe AlphaprocessarThe
codeletis abouttwice asfastasDigital’s DXML library
on the samemachine. The codeletconsistsof about
2400 lines of code, including 912 additionsand 248
multiplications.Writing sucha programby handwould
be a formidabletaskfor any programmer At leastfor
the DFT problem,theselong sequencesf straight-line
codeseemto be necessaryn orderto take full adwvan-
tageof large CPUregistersetsandtheschedulingapa-
bilities of C compilers.

¢ Achieving correctnessasbeensurprisinglyeasy The
DFT algorithmsin genfft are encodedstraightfor
wardly using a high-level language. The simplifica-
tion phasedransformshis high-level algorithminto op-
timized code by applying simple algebraicrules that
are easyto verify. In the rare casesduring develop-
mentwhen the generatorcontaineda bug, the output
wascompletelyincorrect,makingthe bug manifest.

¢ Rapidturnaround was essentiato achieve the perfor
mancegoals. For example,the scheduledescribedn
Section6 is the result of a trial-and-errorprocessin
searclhof thebestresult,sincethe scheduleof acodelet
interactswith C compilers(in particular with register
allocators)in nonolviousways. | could usuallyimple-
mentanew ideaandregeneratéhewholesystemwithin
minutes,until | foundthe solutiondescribedn this pa-
per

e Thegenerators effectivebecausé canapplyproblem-
specificcodeimprovements. For example,the sched-
uler is effective only for DFT dags,andit would per
form poorlyfor othercomputationsMoreover, thesim-
plifier performscertainimprovementsthat dependon
the DFT beinga lineartransformation.

e Finally, genfft derived somenew algorithms asin
the examplen = 13 discussedibore. While this pa-
perdoesnot focuson thesealgorithmsper se they are
of independentheoreticaland practicalinterestin the
Digital SignalProcessingommunity

This paper of necessity brings togetherconceptsfrom
boththe Programmind.anguagesndthe SignalProcessing
literatures. The paper however, is biasedtowardsa reader
familiar with compilers|]ASU8€], programminganguages,
and monadgWad97, while the requiredsignal-processing
knowledgeis keptto thebareminimum. (For example,| am

notdescribingsomeadvancechumbertheoreticaDFT algo-
rithms usedby the generata) Readersunfamiliar with the
discreteFouriertransform however, areencouragedo read
thegoodtutorial by DuhamelandVetterli[DV9Q].

The restof the paperis organizedasfollows. Section2
gives some backgroundon the discreteFourier transform
andon algorithmsfor computingit. Section3 overviewsre-
latedwork on automaticgeneratiorof DFT programs.The
remainingsectionsfollow the evolution of a codeletwithin
genfft. Sectiond describesvhatthecodeletdaglookslike
andhow it is constructedSection5 presentshe dagsimpli-
fier. Section6 describeshescheduleandprovesthatit min-
imizesthe numberof transfersbetweenrmemoryandregis-
ters.Section7 discussesomepragmaticaspect®f genfft,
suchasrunningtime and memoryrequirementsandit dis-
cussesheinteractionof genfft’soutputwith C compilers.

2 Background

This sectiondefinesthe discreteFourier transform(DFT),

andmentionghe mostcommonalgorithmsto computeit.
Let X beanarrayof n comple« numbers.The (forward)

discreteFourier transform of X is thearrayY givenby

Vil = Y Xljlor ? @

wherew,, = —1 n s a primitive n-th root of unity, and
i n. In caseX is arealvector thetransformY has
thehermitian symmetry

Yin =Y [
whereY [i] is thecomple< conjugateof Y [4].

The badkward DFT flips the sign at the exponentof w,,,
andit is definedin thefollowing equation.

Vi) = Y X[l @

The backward transformis the “scaledinverse” of the for-
ward DFT, in the sensethat computingthe backwardtrans-
form of theforwardtransformyieldsthe original arraymul-
tiplied by n.

If n canbefactoredinto n = nyn , Equation(1) canbe

rewrittenasfollows. Letj = jy»n j ,andi =41 ¢ ng.
We thenhave,
n —1 n —1
Yo D Xl Glend ow w
j =0 i =0

This formula yields the Cooley-Tukey fast Fourier trans-
form algorithm(FFT) [CT65. Thealgorithmcomputes



transformsof sizen, (theinnersum),it multipliestheresult
by the so-calledtwiddle factorsw,, 7 , andfinally it com-
putesn, transformsof sizen (theoutersum).

If ny n = 1, the prime factor algorithm can be
applied,which avoidsthe multiplicationsby thetwiddle fac-
tors at the expenseof a more involved computationof in-
dices. (See[0S89 page619].) If n is a multiple of
the split-radix algorithm[DV90] cansave someoperations
with respectto Cooley-Tukey. If n is prime, genfft uses
eitherEquation(1) directly, or Raders algorithm [Rad64,
which convertsthe transforminto a circular corvolution of
sizen 1. The circular corvolution canbe computedre-
cursively usingtwo Fourier transforms,or by meansof a
clevertechniquedueto WinogradWin78] (genfft doesnot
employ this techniqueyet, however). Otheralgorithmsare
known for prime sizes,andthis is still the subjectof active
researchSeg TAL97] for arecenttompendiunonthetopic.
Any algorithmfor theforwardDFT canbereadilyadaptedo
computethebackwardDFT, the differencebeingthatcertain
complex constantdecomeconjugate. For the purposeof
this paperwe do not distinguishbetweerforwardandback-
wardtransformandwe simply referto bothasthe“complex
DFT”.

In the casewhenthe input is purely real, the transform
canbecomputedwith roughlyhalf the numberof operations
of the complex case,andthe hermitianoutputrequireshalf
the storageof a complec array of the samesize. In gen-
eral, keepingtrack of the hermitian symmetrythroughout
the recursionis nontrivial, however. This bookkeepingis
relatively easyfor the split-radix algorithm,andit becomes
particularly nastyfor the prime factorandthe Raderalgo-
rithms. Thetopicis discussedn detailin [SJHB87]. In the
realtransformcase it becomesmportantto distinguishthe
forwardtransformwhich takesarealinputandproducesan
hermitianoutput,from thebackwardtransformwhoseinput
is hermitianand whoseoutputis real, requiringa different
algorithm. We referto thesecasesasthe “real to complex”
and“complex to real” DFT, respectiely.

In the DFT literature, unlike in most of ComputerSci-
ence,it is customaryto reportthe exact numberof arith-
metic operationsperformedby the variousalgorithms,in-
steadof their asymptoticcompleity. Indeed thetime com-
plexity of all DFT algorithmsof interestis n  n , and
a detailedcountof the exactnumberof operationis usually
doable(which by no meansmpliesthatthe analysisis easy
to carryout). It is no problemfor meto follow this corven-
tionin thispapersincegenfft producesanexactarithmetic
countaryway.

In the literature, the term FFT (“fast Fourier trans-
form”) refersto eitherthe Cooley-Tukey algorithmor to any

n  n algorithmfor the DFT, dependingpn the author
In thispaperFFTdenotesary n  n algorithm.

3 Related work

Researchersave beengenerating-FT programdor at least
twenty years,possiblyto avoid thetediumof gettingall the
implementatiordetailsright by hand.To my knowledge the
first generatoof FFT programsvasFOURGEN written by
J.A. Maruhn[Mar76]. It waswrittenin PL/l andit generated
FORTRAN.* FOURGEN:is limited to transformsf size2.

Perezand Takaoka[PT87 presenta generatotof Pascal
programsamplementinga primefactorFFT algorithm. This
programis limited to complex transformsof sizen, where
n mustbe factorableinto mutually prime factorsin the set

23 1 .

Johnsof and Burrus [JB83 applied dynamic program-
ming to the automaticdesignof DFT modules. Selesnick
and Burrus [SB96] useda programto generateMATLAB
subroutinegor DFTs of certainprime sizes.In mary cases,
thesesubroutinesarethe bestknown in termsof arithmetic
compleity.

TheEXTENT systemby GuptaandotherdGHSJ96 gen-
erateFORTRAN codein responseo aninput expressedn
a tensor product language. Using the tensorproductab-
stractionone can expressconciselya variety of algorithms
that includesthe FFT and matrix multiplication (including
Strassers algorithm).

Anotherprogramcalledgenfft generatingHaslell FFT
subroutinesis part of then £  benchmarkfor Haslell
[Par93. Unlike my programthisgenfft is limited to trans-
formsof size2*. Theprograminn £ is notdocumented
atall, but apparentlyit canbetracedbackto [HV92].

Veldhuizen[Vel95 useda templatemetaprogramsech-
niqueto generate  programs.Thetechniquexploits the
templatefacility of toforcethe compilerto perform
computationst compiletime.

All thesesystemsare restrictedto comple transforms,
andthe FFT algorithmis known a priori. To my knowl-
edge the FFTW generatois the only onethatproduceseal
algorithms,andin fact,which canderivereal algorithmsby
specializinga complec algorithm. Also, my generatois the
only onethataddressethe problemof schedulinghe pro-
gramefficiently.

4 Creation of the expression dag

This sectiondescribesghe creationof anexpressiordag. We
first definethen e datatype, which encodesa directed
agyclic graph(dag) of a codelet. We then describea few

4Maruhn amgues that PL/l is more suited than FORTRAN to this
program-generatiotask,andhasthefollowing curiousremark.

One peculiardifficulty is that someFORTRAN systemspro-
ducean outputformat for floating-pointnumberswithout the
exponentdelimiter “E”, andthis makesthemillegal in FOR-
TRAN statements.

SUnrelatedo Steven G. Johnsonthe otherauthorof FFTW.
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e fn e n e
n fn e
Figure 3: Objectve Caml codethat definesthe datatype,

whichencodesanexpressiordag.

ancillarydatastructuresandfunctionsthat provide complex
arithmetic.Finally, thebulk of thesectiondescribeshefunc-
tion £ftgen, which actuallyproducegheexpressiordag.
We startby definingthen e datatype, which encodes
an arithmeticexpressiondag. Eachnode of the dag rep-
resentsan operatoy and the nodes children representhe
operands.This is the samerepresentatioms the one gen-
erally usedin compilers[ASU86, Section5.2]. A nodein
the dagcanhave morethanone“parent”, in which casethe
noderepresentsa commonsubepression. The definition
of n e is givenin Figure3, andit is straightforvard. A
nodeis eithera real number(encodedby the abstractdata
type e n e ),aloadof aninputvariable,astoreof
an expressioninto an outputnode,the sumof the children
nodes,the productof two nodes,or the sign negationof a
node. For example,the expression , where and are
inputvariablesjs representetly n

The structure e maintainsfloating-pointconstants
with arbitrarily high precision(currently 50 decimaldigits),
in caseheusemwantsto usethequadruplerecisiorfloating-
pointunitonaprocessosuchastheUltraSRARC. e is
implementedn top of Objective Caml’s arbitrary-precision
rationals. The structure e encodegheinput/output
nodesof the dag,andthe temporaryvariablesof the gener
atedC code. Variablescan be consideredan abstractdata
typethatis never usedexplicitly in this paper

Then e datatype encodesxpressionsover real num-
bers,sincethefinal C outputcontainsonly realexpressions.
For creatingthe expressiondag of the codelet,however, it
is convenientto expressthe algorithmsin termsof com-
plex numbers. The generatorcontainsa structurecalled
e , whichimplementscomplex expression®n top of

e datatype, in a straightforvard way.® The type
e e (notshown) is essentiallyapairofn  es.

We now describethe function £ftgen, which createsa
dagfor a DFT of sizen. In the currentimplementation,
fftgen usesoneof thefollowing algorithms.

the n

80nesubtletyis thata complex multiplicationby a constantanbeim-
plementedwith either4 real multiplicationsand 2 real additions,or 3 real
multiplicationsand3 real additions[Knu98, Exercise4.6.4-41]. The cur
rent generatomusesthe former algorithm, sincethe operationcountof the
dagis generallydominatedby additions.On mostCPUsi,it is advantageous
to move work from thefloating-pointadderto the multiplier.

A split-radixalgorithm[DV9Q], if n is a multiple of
Otherwise,

e A primefactoralgorithm(asdescribedn [OS89 page
619]), if n factorsinto nin , wheren = 1 and
ny n = 1. Otherwise,

e The Cooley-Tukey FFT algorithm (Equation(3)) if n
factorsintoni;n , wheren = 1. Otherwise,

e (n isaprimenumber)Raders algorithmfor transforms
of primelength[Rad6g if n = orn  13. Otherwise,

e Direct application of the definition of DFT (Equa-
tion (1)).

We now look at the operationof fftgen more closely
Thefunctionhastype

fftgen nt nt e e
nt nt e e

The first agumentto fftgen is the sizen of the trans-
form. The secondargumentis a function n t with type

nt e e . Theapplication n t re-
turnsa complex expressiorthatcontainghe -th input. The
third agument gn is eitherl or 1, andit determineghe
directionof thetransform.

Dependingon the size n of the requestedtransform,
fftgen dispatche®neof the algorithmsmentionedabore.
We now discusshow the Cooley-Tukey FFT algorithmis im-
plemented. The implementatiorof the other algorithmsis
similar, andit is notshawn in this paper

The Objective Caml code that implementsthe Cooley-
Tukey algorithmcanbe foundin Figure4. In orderto un-
derstandhe code,recall Equation(3). This equationtrans-
latesalmostverbatiminto Objective Caml. With reference
to Figure4, thefunctionapplicationt computeghe
innersumof Equation(3) for a givenvalueof j , andit re-
turnsafunctionof i;. (t is curriedoveriy, andtherefore
i1 doesnot appeaexplicitly in thedefinition.) Next, t

is multiplied by thetwiddle factors,yieldingt

thatis, theexpressiorin squarebracesn Equation(3). Next,

t computeghe outersummationwhich is itself a DFT

of sizen . (Again,t is a functionof ¢; ands , curried

overi .) In orderto obtainthei-th elementof the outputof

thetransformtheindex i is finally mappednto¢; and: and
t is returned.

Obsene thatthe codein Figure 4 doesnot actually per
form ary computation.Instead,t builds a symbolicexpres-
sion dagthat specifieshe computation. The other DFT al-
gorithmsareimplementedn a similarfashion.

At the top level, the generatorinvokes fftgen with
the size n and the direction gn specifiedby the user
The n t functionis setto f n e

e n t ,ie., afunctionthatloadsthe i-th
input variable. Recallnow that fftgen returnsa function



et e e t e n n n t gn
et t fftgen n
fn n t n gn n
et t
e n gn t n
et t fftgenn t gn
n
fn t n n

Figure 4: Fragmentof the FFTW codeletgeneratorthat imple-
mentsthe Cooley-Tukey FFT algorithm. The infix operator

computesthe complex product. The function computes
the constanexp T
t t,where t t is a comple expressionthat

computeghei-th elemenif the outputarray Thetop level
builds a list of t e expressionghatstore t t

into the ¢-th outputvariable,for all i m. Thislist
of t esisthecodeletdagthatformstheinputof subse-
guentphase®f thegeneratar

We concludethis sectionwith a few remarks.According
to the descriptiongivenin this section,fftgen containsno
specialsupportfor the casewherethe input is real. This
statemenis not completelytrue. In the actualimplemen-
tation, fftgen maintainscertainsymmetriesexplicitly (for
example, if the input is real, then the outputis known to
have hermitiansymmetry). Theseadditionalconstraintgdo
not changethe final output, but they speedup the genera-
tion processsincethey avoid computingandsimplifying the
sameexpressiontwice. For the samereasonthe actualim-
plementatiomemoizeexpressionsuchast in
Figure4, sothatthey areonly computecbnce’

At this stage the generatedlag containsmary redundant
computationssuchas multiplicationsby 1 or , additions
of , andsoforth. fftgen makesno attemptto eliminate
theseredundancieskigure5 showvs a possibleC translation
of acodeletdagatthis stageof the generatiorprocess.

5 The simplifier

In this section,we present~-FTW’s simplifier, which trans-
forms codesuchasthe onein Figure 5 into simplercode.
Thesimplifiertransformsadagofn  es(seeSectiord) into
anotherdagof n es. We first discusshow the simplifier
transformsthe dag, andthenhow the simplifier is actually
implementedTheimplementatiorbenefitsheavily from the
useof monads.

5.1 What the simplifier does

We firstillustratetheimprovementsappliedby the simplifier
to thedag. Thesimplifiertraverseghedagbottom-up andit

"Theseperformancémprovementswereimportantfor a userof FFTW
who neededa hard-codedransformof size 101, and had not obtainedan
answerafter the generatohadrun for threedays. SeeSection7 for more
details.

t n t
t n t
t n t
t n t
t n t
t n t
t n t
t n t
t t t t
t t
t t t t
t t
t t t t
t t
t t t t
t t

Figure 5: C translationof a dagfor a complex DFT of size 2,
asgeneratedy . Variabledeclarationdave beenomitted
from the figure. The codecontainsmary commonsubepression
(e.q., and ), andredundantnultiplicationsby or .

appliesaserief localimprovementgo every node.For ex-
planationpurposestheseimprovementscan be subdvided
into three categories: algebraictransformationscommon-
subepressiorelimination,andDFT-specificimprovements.
Sincethefirst two kindsarewell-known [ASU86], | justdis-
cussthembriefly. We thenconsiderthe third kind in more
detail.

Algebraic transformationseducethearithmeticcomplex-
ity of thedag.Lik e atraditionalcompiler, the simplifier per
forms constantfolding, andit simplifies multiplicationsby

, 1, or 1, and additionsof Moreover, the simplifier
appliesthe distributive propertysystematicallyExpressions
of theform aretransformednto . In the
sameway, expressionsftheform aretransformed
into 4 . In generalthesetwo transformationhave
thepotentialof destroying commonsubexpressionsandthey
mightincreasehe operationcount. This doesnot appeaito
bethecasefor all DFT dagsl have studied althoughl do not
fully understandhereasorfor this phenomenon.

Common-suberessionelimination is also applied sys-
tematically Not only doesthe simplifier eliminatecommon
subepressionsit alsoattemptgo createnew ones.For ex-
ample,it is commonfor aDFT dag(especiallyin the caseof
realinput)to containboth and assubepressions,
for some and . Thesimplifier corvertsboth expressions
to either and , or and , de-
pendingon which expressioris encounteredirst duringthe
dagtraversal.

Thesimplifier appliestwo kindsof DFT-specifiamprove-
ments First, all numericconstant@remadepositive, possi-
bly propagatinga minussignto othernodesof thedag. This
curioustransformationis effective becauseonstantgener
ally appearin pairs and in aDFT dag. To my knowl-



Figure 6: lllustrationof “network” transposition Eachgraphde-
finesan algorithmfor computinga linear function. Thesegraphs
arecalledlinear networks, andthey canbe interpretedasfollows.
Dataareflowing in the network, from input nodesto outputnodes.
An edgemultiplies databy someconstant(possibly ), andeach
nodeis understoodo computethe sumof all incomingedges.In
this example,the network on the left computes and
. Thenetwork on the right is the “transposed’form
of thefirst network, obtainedby reversingall edges.The new net-
work computeghelinearfunction and
In general,if a network computes for somematrix
the transposechetwork computes . (See[CO7H for a
proof.) Thesdinearnetworksaresimilarto but notthe sameasex-
pressiordagsnormally usedin compilersandin , because
in thelattercasethe nodesandnotthe edgesperformcomputation.
A network canbe easilytransformednto an expressiordag,how-
ever. Theconverseis nottruein generalputit is truefor DFT dags
whereall multiplicationsareby constants.

edge,every C compilerwould storeboth and in the

programtext, andit would loadbothconstant$nto aregister
atruntime.Makingall constantpositve reduceshenumber
of loadsof constantdy afactorof two, andthis transforma-
tion alonespeedaup the generatedcodeletsby 10-15%on

mostmachinesThistransformatiorhastheadditionaleffect

of corverting subepressionsnto a canonicalform, which

helpscommon-subepressiorelimination.

The secondDFT-specific improvementis not local to
nodes,andis insteadappliedto the whole dag. The trans-
formationis basedon the fact that a dag computinga lin-
ear function can be “reversed”yielding a transposeddag
[CO7]. Thistranspositiomprocesss well-knownin theSig-
nal Processingjterature[OS89 page309], andit operates
shavnin Figure6. It turnsoutthatin certaincaseghetrans-
poseddagexposessomesimplificationsthatarenot present
in the original dag. (An examplewill be shavn later) Ac-
cordingly, the simplifier performsthreepasse®ver the dag.

It first simplifiestheoriginaldag yieldingadag . Then,
it simplifiesthe transposediag yieldingadag . Fi-
nally, it simplifies (thetransposedlagof ) yieldinga

dag .2 Figure7 shows the savingsin arithmeticcomplex-
ity thatderive from dagtranspositiorfor codeletsof various
sizes. As it canbe seenin the figure, transpositiorcanre-
ducethe numberof multiplications,but it doesnot reduce
thenumberof additions.

Figure8 shawvs a simplecasewheretranspositions bene-

8Although one might imagineiteratingthis processthreepasseseem
to besuficientin all cases.

adds muls adds muls

size (nottransposed) (transposed
comple to comple

5 32 16 32 12
10 84 32 84 24
13 176 88 176 68
15 156 68 156 56
realto complec

5 12 8 12 6
10 34 16 34 12
13 76 44 76 34

15 64 31 64 25
completoreal
5 12 9 12 7

9 32 20 32 18
10 34 18 34 14
12 38 14 38 10
13 76 43 76 35
15 64 37 64 31
16 58 22 58 18
32 156 62 156 54
64 394 166 394 146

128 956 414 956 374

Figure 7: Summaryof the benefitsof dagtranspositionThetable
shavs the numberof additionsand multiplicationsfor codeletsof
varioussize, with andwithout dagtransposition.Sizesfor which
thetranspositiorhasno effectarenotreportedn thistable.

ficial. Thenetwork in thefigurecomputes = 2 3

It is not safeto simplify this expressionto = 12,

sincethis transformationdestrys the commonsubepres-
sions2 and3 . (Thetransformatiordestrys oneoperation
andtwo commonsubepressionsyhich might increasehe

operationcountby one.) Indeed,the whole point of most
FFT algorithmsis to createcommonsubexpressionsWhen
the network is transposedhowever, it computes = 2

and =3 . Thesetransposedxpressionsanbe safely
transformednto = and =12 becauseachtransfor

mationsavesoneoperatioranddestrgysonecommonsube-

pressionConsequentlytheoperatiorcountcannotincrease.
In a sensefranspositiorprovidesa simpleandelegantway

to detectwhich dagnodeshave morethanoneparentwhich

would bedifficult to detectwhenthedagis beingtraversed.

5.2 Implementation of the simplifier

The simplifier is written in monadicstyle [Wad97. The
monadperformstwo importantfunctions. First, it allows
the simplifier to treatthe expressiordagasif it wereatree,
which makesthe implementatiorconsiderablyeasier Sec-
ond, the monadperformscommon-subepressionelimina-
tion. We now discusgshesewo topics.

Treating dags as trees. Recallthatthe goal of the sim-



o>

Figure 8: A linearnetwork wherewhich dagtranspositiorexposes
someoptimizationpossibilities.Seethetext for anexplanation.

plifier is to simplify anexpressiordag. The simplifier, how-
ever, is written asif it weresimplifying an expressiontree
Themapfromtreesto dagsis accomplishethy memoization,
whichis performedmplicitly by amonad.Themonadmain-
tains a table of all previously simplified dag nodes,along
with their simplified versions. Wheneer a nodeis visited
for thesecondime, themonadreturnsthevaluein thetable.

In orderto continuereadingthis sectionyoureally should
be familiar with monads[Wad97. In ary case,hereis a
very brief summaryon monads.Theideaof amonadic-style
programis to corvertall expression®f theform

et n
into somethinghatlookslike
fn et n

The codeshouldbe read“call £, andthennamethe result
andreturn ! The advantageof this transformation
is thatthe meaningsof “then” (the infix operator ) and
“return” (thefunction et n ) canbedefinedsothatthey
performall sortsof interestingactvities, suchas carrying
statearound,perform1/O, act nondeterministicallyetc. In
the specificcaseof the FFTW simplifier, is definedso
asto keeptrack of a few tablesusedfor memoizationand
et n performscommon-subgpressiorelimination.

The core of the simplifier is the function g , as
shovn in Figure9. g dispatchen the agument

(of typen e), andit calls a simplifier function for the
appropriatecase If thenodehassubnodesthe subnodesire
simplified first. For example,suppose isa e nhode.
Sincea e nodehastwo subnodes and , thefunction

g first callsitself recursvelyon ,yielding ,and
thenon ,yielding .Then, g passesontrolto the
function t e .Ifboth and areconstants,t e
computeghe productdirectly. In the sameway, t e
takescareof thecasewhereeither or is orl, andso
on. Thecodefor t e isshavnin FigurelO.

The neattrick of using memoizationfor graphtraversal
wasinventedby Joann&ulik in hermastersthesigKul99,
asfarasl cantell.

Common-subexpression eimination (CSE) is per
formedbehindthescenedy themonadicoperator et n .
The CSE algorithm is essentiallythe classicalbottom-up

et e g

e ng
fnt n
n
g
e
g fn
g fn
t e
n
g n
t e
g fn
et n t e
et n

Figure 9: Thetop-level simplifier function
monadicstyle. Seethetext for anexplanation.

, written in

constructionfrom [ASU86, page592]. The monadmain-
tains a table of all nodesproducedduring the traversal of
the dag. Eachtime a new nodeis constructecandreturned,

et n checkswhetherthe nodeappear®lsavherein the
dag. If so,the new nodeis discardedand et n returns
the old node. (Two nodesare consideredhe sameif they
computeequialentexpressions.For example, is the
sameas J)

It is worth remarking that the simplifier interleaves
common-subepressioreliminationwith algebraictransfor
mations. To seewhy interlearing is important,considerfor
examplethe expression , where and aredistinct
nodesof the dagthatcomputethe samesubexpression CSE
rewritestheexpressiorto , Whichis thensimplifiedto .
This patternoccursfrequentlyin DFT dags.

6 The scheduler

In this sectionwe discusghe genfft schedulerwhich pro-
ducesatopologicalsortof thedagin anattempto maximize
registerusage For transformavhosesizeis apowerof 2, we
provethata schedulexiststhatis asymptoticallyoptimalin
this respecteventhoughthe schedulds independenof the
numberof registers. This factis derived from the red-blue
pebblinggameof HongandKung[HK81].

Even after simplification, a codeletdag of a large trans-
form still containshundredsr eventhousandsf nodesand
thereis no way to executeit fully within the registersetof
ary existing processarThescheduleattemptgo reorderthe
dagin suchaway thatregisterallocatorscommonlyusedin
compilers[Muc97, Section16] canminimizethe numberof
register spills. Note thatthe FFTW codeletgeneratordoes
not addresghe instructionschedulingproblem;thatis, the
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Figure 10: Codefor the function , which simplifiesthe
productof two expressionsThecommentgdelimitedwith )
briefly discusghe varioussimplifications.Evenif it operateon a
dag,thisis exactly the codeonewould write to simplify atree.

maximizationof pipelineusagss left to the C compilet

Figure 11 illustratesthe schedulingproblem. Supposea
processohas4 registers andconsider “columnmajor” ex-
ecutionorderthatfirst executesall nodesin the diagonally-
stripedbox (say top-dawvn), andthenproceedgo the next
columnof nodes.Sincethereare8 valuesto propagatdérom
columnto column,andthe machinehas4 registers,at least
four registersmustbe spilled if this strategyy is adopted. A
differentstratey would be to executeall operationsn the
graybox beforeexecutingary othernode.Theseoperations
canbe performedully within registersoncetheinputnodes
have beenloaded.lt is clearthatdifferentscheduleseadto
differentbehaiorswith respecto registerspills.

A lowerboundonthenumberof registerspillsincurredby
ary executionof theFFT graphwasfirst provedby Hongand
Kung[HK81] in the contet of the so-called‘red-bluepeb-
bling game”.Paraphraseth compilerterminology Theorem
2.1from [HK81] stateshatthe executionof the FFT graph
of sizen = 2¥ onamachinewith  registergwhere n)
requiresatleast n n registerspills® Aggarwal
andVitter [AV88] generalizehis resultto disk I/O, wherea
singlel/O operationcantransfera block of elementsin ad-
dition, Aggarwal andVitter give a schedulg¢hatmatcheghe
lowerbound.Theirschedulés constructedsin theexample
thatfollows. With referencdo Figure11, assumegainthat
the machinehas = registers. The scheduldoadsthe
four topmostinput nodesof the dag, andthen executesall
nodesin the gray box, which canbe donecompletelyusing
the 4 registers. Then, the four outputsof the gray box are

9The sameresultholdsfor ary two-level memory suchasL1 cachevs.
L2, or physicalmemoryvs. disk.

LI

Figure 11: lllustration of the schedulingproblem. The butterfly
graph(in black) representsn abstractionof the dataflow of the
fastFouriertransformalgorithmon 8 inputs. (In practice thegraph
is more complicatedbecauseadataare comple, andthe real and
imaginarypartinteractin nontrivial ways.) The boxesdenotetwo
differentexecutionordersthatareexplainedin thetext.

written to sometemporarymemorylocation,andthe same
procesds repeatedor the four inputsin the bottompart of

thedag.Finally, theschedulexecutegherightmostcolumn
of thedag.In generalthealgorithmproceeddy partitioning
the daginto blocksthathave input nodesand

depth. Consequentlythereare n n such
blocks,andeachblock canbe executedwith transfers
betweerregistersandmemory Thetotal numberof transfers
isthusatmost n n , andthealgorithmmatches
thelowerbound.

Unfortunately Aggarwal and Vitter’s algorithm depends
on , andascheduldor agivenvalueof doesnotwork
well for othervalues. The aim of the FFTW generatoris
to produceportablecode however, andthe generatocannot
make ary assumptiorabout . It is perhapssurprisingthat
a scheduleexists that matcheghe asymptoticlower bound
for all valuesof . In otherwords,asinglesequentiabrder
of executionof an FFT dag exists that, for all , requires

n o n registerspillsonamachinewith  regis-
ters.We saythatsucha schedulés cache-oblivious'®

We now shaw thatthe Cooley-Tukey FFT becomegache-
obliviouswhenthefactorsof n arechoserappropriately(as
in [VS94g VS94H). We first formulatea recursve algo-
rithm, which s easiertto understané@ndanalyzethana dag.
Then,we examinehow thecomputatiordagof thealgorithm
shouldbe scheduledn orderto mimic theregister/cachde-
havior of the cache-obkiousalgorithm.

Considerthe Cooley-Tukey algorithmappliedto a trans-

10We say “cache-" and not “registeroblivious” since this notion first
arosefrom the analysisof the cachingbehaior of Cilk [FLR98] programs
using sharedmemory Work is still in progresso understandand define
cache-obliiousnessormally, andthis conceptdoesnot yet appearin the
literature. Simple divide-and-conquecache-obliious algorithmsfor ma-
trix multiplicationandLU decompositioraredescribedn [BFJ 96].



form of sizen = 2*. Assumefor simplicity that isitselfa
power of two, althoughtheresultholdsfor any positive inte-
ger . At every stageof the recursionwe have a choiceof
the factorsn; andn of n. Choosen; = n n. The
algorithmcomputes n transformsf size 7, followedby
n multiplicationsby thetwiddle factorsfollowedby =
more transformsof size n. Whenn , thetrans-
form canbe computedully within registers.Thus,thenum-
ber n of transfersbetweermemoryandregisterswhen
computinga transformof sizen satisfieghis recurrence.

2 n n n  whenn
n = .
otherwise
The recurrencehas solution n = non ,

which matcheghelower bound.

We now reexaminethe operationof the cache-oblious
FFT algorithmin termsof the FFT dagasthe onein Fig-
urell. Partitioninga problemof sizen into  n problemsof
size n is equialentto cutting the dagwith a verticalline
thatpartitionsthedaginto two halvesof (roughly)equalsize.
Everynodein thefirst half is executedbeforeany nodein the
secondalf. Eachhalf consistof n connectecompo-
nentswhich arescheduledecursvely in the sameway.

The genfft schedulerusesthis recursve partitioning
techniquefor transformsof all sizes(not just powersof 2).
The schedulercutsthe dagroughly into two halves. “Half
a dag” is not well defined,however, exceptfor the power
of 2 caseandthereforethe genfft scheduleusesa simple
heuristic(describedelon) to computehetwo halvesfor the
generakase.Thecutinducesasetof connectedomponents
thatarescheduledecursvely. Thescheduleguaranteethat
all componentn thefirst half of thedag(theonecontaining
theinputs)areexecutedbeforethe secondhalf is scheduled.
For the specialcasen = 2F, becaus®f the previous analy-
sis,we know thatthis scheduleof the dagallows theregister
allocatorof the C compilerto minimizethe numberof regis-
ter spills (up to someconstanfactor). Little is known about
the optimality of this schedulingstratey for generaln, for
which neitherthe lower-boundnor the upperboundanaly-
seshold.

Finally, we discussthe heuristicusedto cut the daginto
two halves. The heuristicconsistsf “burningthe candleat
both ends”. Initially, the schedulercolorsthe input nodes
red,the outputnodesblue, andall othernodesblack. After
thisinitial step,theschedulealternatedbetweeraredanda
blue coloring phase.In ared phasearny nodewhoseprede-
cessorsareall red becomeged. In a blue phaseall nodes
whosesuccessorarebluearecoloredblue. This alternation
continueswhile black nodesexist. Whencoloringis done,
red nodesform the first “half” of the dag, andblue nodes
the second.Whenn is a power of two, the FFT daghasa
regular structurelike the one shavn in Figure 11, and this
processastheeffect of cuttingthe dagin the middlewith a
verticalline, yielding the desiredoptimalbehaior.
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7 Pragmatic aspects of genfft

This sectiondiscussesbriefly therunningtime andthe mem-
ory requirement®f genfft, andalso someproblemsthat
arisein theinteractionof thegenfft schedulewith C com-
pilers.

The FFTW codeletgeneratoiis not optimizedfor speed,
sinceit is intendedto be run only once. Indeed,usersof
FFTW candownloada distribution of generated codeand
neverrun genfft atall. Neverthelesstheresourcesieeded
by genfft are quite modest. Generationof C codefor a
transformof size64 (the biggestusedin FFTW) takesabout
75second®na200MHzPentiumProrunningLinux 2.2and
the native-codecompiler of Objective Caml2.01. genfft
needdessthan3 MB of memoryto completehegeneration.
Theresultingcodelettontain®12additions 248multiplica-
tions. Onthesamemachinethewhole FFTW systemcanbe
regeneratedh aboutl5 minutes.The systemcontainsabout
55,000linesof codein 120files, consistingof variouskinds
of codeletdor forward,backward,realto comple, andcom-
plex to realtransforms.The sizesof thesetransformsan the
standard-FTW distributionincludeall integersupto 16 and
all powersof two upto 64.

A few FFTW usersneededasthard-codedransformsof
uncommonsizes(suchas 19 and 23), and they were able
to run the generatorto producea systemtailored to their
needs.Thebiggestprogramgeneratedofar wasfor acom-
plex transformof size 101, which requiredslightly lessthan
two hoursof CPU time on the PentiumPro machine,and
about10 MB of memory Again, a userhada specialneed
for suchatransformwhich would be formidableto codeby
hand. In orderto achieve this runningtime, | wasforcedto
replacea linked-listimplementatiorof associatie tablesby
hashingandto avoid generatingobvious” commonsube-
pressionsnorethanoncewhenthedagis created Thenawve
generatowassomeavhatmoreelegant,but hadnot produced
ananswerafterthreedays.

The long sequence®f straight-line code producedby
genfft canpushC compilers(in particular registeralloca-
tors) to their limits. The combinedeffect of genfft andof
the C compilercanleadto performanceroblems.Thefol-
lowing discussiorpresentswo particularcaseghat! found
particularlysurprisingandis notintendedo blameary par
ticular compileror vendor

The optimizerof the eg compilerperformsan
instructionschedulingpass followed by registerallocation,
followed by anotherinstructionschedulingpass. On some
architecturesjncluding the SFARC and PowerPC proces-
sors,eg  employs the so-calledHaifa scheduler” which
usually producesbetter code than the normal eg /g
scheduler The first passof the Haifa schedulerhowever,
hasthe unfortunateeffect of destrying genfft’'s schedule
(computedas explainedin Section6). In eg , the first
instructionschedulingpasscanbe disabledwith the option
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Figure 12: Two possibledeclarationf local variablesin C. On
theleft side,variablesaredeclaredn thetopmostexical scope.On
theright side,variablesaredeclaredn a privatelexical scopethat
encompassehelifetime of thevariable.

fn e e n n ,andonal67MHz UltraSFRARCI,
the compiled code is between50% and 100% fasterand
abouthalf the size whenthis optionis used. Inspectionof
theassemblycodeproducedby eg  revealsthatthe differ-
enceconsistsentirely of registerspills andreloads.

Digital’s C compilerfor Alpha (DEC C V5.6-0710on Dig-
ital UNIX V4.0 (Rev. 878)) seemsto be particularly sen-
sitive to the way local variablesare declared. For exam-
ple, Figure 12 illustratestwo ways to declaretemporary
variablesin a C program. Let'’s call them the “left” and
the “right” style. genfft canbe programmedo produce
codein either way, and for most compilers| have tried
thereis no appreciablgerformancalifferencebetweenthe
two styles. Digital’'s C compiler however, appeargo pro-
ducebettercodewith the right style (the right side of Fig-
ure 12). For a transformof size 64, for example,andcom-
piler flags ne n _ n _ g

f_e e t ne t t , a 467MHz Alpha
achieves about450 MFLOPS with the left style, and 600
MFLOPSwith theright style. (Differentsizesleadto sim-
ilar results.) | could not determinethe exact sourceof this
difference.

8 Conclusion

In my opinion, the main contribution of this paperis to

presenta real-world applicationof domain-specificompil-
ersandof advancedprogrammingechniquessuchasmon-
ads. In this respect,the FFTW experiencehasbeenvery
successfulithe currentrelease=FTW-2.0.1is beingdown-

loadedby morethan100peopleevery week,andafew users
have beenmotivatedto learnML aftertheir experiencewith

FFTW. In the restof this concludingsection,| offer some
ideasaboutfuture work and possibledevelopmentsof the
FFTW system.

The currentgenfft programis somevhat specializedo
computinglinear functions,usingalgorithmswhosecontrol
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structureis independenof theinput. Evenwith this restric-
tion, thefield of applicabilityof genfft is potentiallyhuge.
For example,signalprocessing-IR andIIR filters fall into
this category, aswell asotherkinds of transformsusedin
imageprocessingfor example thediscretecosinetransform
usedin JPEG).I am confidentthatthe techniqueslescribed
in this paperwill prove valuablein this sortof application.

Recently | modifiedgenfft to generaterystallographic
Fourier transformgACT9(. In this particularapplication,
theinput consistf 2D or 3D datawith certainsymmetries.
For example,the input datasetmight be invariantwith re-
spectto rotationsof 60 degrees,andit is desirableto have
a special-purpos&FT algorithm that doesnot executere-
dundanttomputationsPreliminaryinvestigationshovs that
genfft is ableto exploit mostsymmetries.| am currently
working onthis problem.

In its presentform, genfft is somavhat unsatisctory
becausét intermixesprogrammingand metaprogramming.
At the programminglevel, one specifiesa DFT algorithm,
asin Figure4. At the metaprogrammintgvel, onespecifies
how the programshouldbe simplifiedandscheduledin the
currentimplementationthetwo levelsareconfusedogether
in a singlebinary program.It would be niceto have a clean
separatiorof thesetwo levels, but | currentlydo not know
how to doit.
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